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Chapter 8

Stellar and Galactic Dynamics
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The dynamics of star clusters, galaxies or galaxy clusters is significantly more
complicated than hydrodynamics. This has two basic reasons:

@ Gases and plasmas (in laboratories, in stars) are dominated by electromagnetic
forces which are mostly negligible on scales larger than a few times the typical
separation of the particles.

Galaxies are dominated by gravitation, a force that cannot be shielded. Therefore,
stars/galaxies experience accelerations from all other members in the system.

[ &1

The mean free path of particles in most gases is generally small compared to the
size of the system.

In stellar and galaxy systems the mean free path is large compared to the size of the
system (— few interactions, large relaxation times)

> The physics of gases and plasmas is LOCAL
> The physics of stellar systems is GLOBAL

For a comprehensive overview of stellar dynamics see:
Binney, Tremaine: Galactic Dynamics, Princeton Univ. Press
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8.1 Relaxation of Stellar Systems

Classical relaxation is based on the redistribution of the orbital energies of stars via two-
body encounters. After many encounters an equilibrium distribution is established compa-
rable (but not equal!) to the Boltzmann distribution of statistical mechanics.

1. Deflection of a star when passing another star:

U
e R

o

Consider passages at large distances first: dv. « v

F =

2 2 2 2
Gm Gm°b Gm 1+(£ 8.1)

b2 +x2 Cos(e) = (b2 +x2)3/2 = b2
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Setting the zero-point in t such that x = v - t gives:

00 oo 2
5VL=J%CIII=J% 1+[V—tj dt

b
:(Z_’:’ [y ds (8.2)
Sy _2Gm _Gm 2b
= by B
= (accelaration)- (passage time) (8.3)

2. Number of interactions experienced by a star when passing through a homogeneous
stellar system once:

R

R = Radius of the stellar system
N = Number of stars in the system

IMPRS Astrophysics Introductory Course Fall 2007



Page 6
Probability P, that the crossing star will pass one star of the system (e.g. galaxy) in a
distance-interval [b, b+db] :

2mbdb

P = R (8.4)
If the galaxy contains N stars, the total number of interactions for a single crossing is:
2N
Sn, ===-bdb (8.5)
R

With every interaction v changes by the amount of v_.

The sum of all interactions will lead to an average change of velocity of <dv.> =0
(positive and negative deflections are equally probable).

However the mean square deflection is not equal to O:

2 2
2G 2G 2Nb
<6v:>=| R | o, =| 8| b (8.6)
bv bv R
3. Integration over all impact parameters b gives:
e (2Gm  2Nb GmY , b
<8vi>= | —db=8N| —— | In-mx (8.7)
b bv R VR -
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Plausible values for b, bpax:

b. =R

max

b = G—T because otherwise dv, = v, i.e. the assumption of small deflection angles is violated.
v
Using the virial theorem |2T| = |V| gives (v = mean velocity of the stars) :

1 G(Nm)’
2 [ Ly |= GNm” (8.8)
2 R
= Gm R
— = (8.9)
R v N
andthus: p =_— As a matter of fact, interactions with b < b, are very rare:
min N
The fractional area of a galaxy that corresponds to close passages is given by:
Nrb.. 1
—min . (8.10)
TR N

i.e. for typical stellar systems with N > 1000 close interactions are negligible, i.e.:

— Relaxation is dominated by large distance interactions
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4. Using the virial theorem once more leads to
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<&’ > 8NG’m’ 8
s —=————IN=—hN (8.11)
1% V'R N
for a single passage through the stellar system.
For relaxation (<d v1?> = v?) to occur, a star will have to cross the galaxy N, times:
N
Nrelax = (8 12)
8In N
The relaxation-time T, iS (Toss = Crossing-time):
N N R
Trelax = Nrelax 'Tcross = ’Tcross = T (813)
8In N 8InN v
Examples:

N R v Tcross Trelax age/ Trelax
open cluster 100 2 pc 0.5 km/s 4-108 yrs 107 yrs =1
globular cluster 10° 4 pc 10 km/s 4-10° yrs 4-108 yrs 210

ellipt. galaxy 1012 10 kpc 600 km/s 2-107 yrs 107 yrs 1077

dwarf galaxy 10° 1 kpc 50 km/s 2-107 yrs 10" yrs 104

galaxy cluster 1000 1 Mpc 1000 km/s 10° yrs 2-10"%yrs 101
Fall 2007
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= Two-body-relaxation is insignificant in galaxies
and of modest significance in clusters of galaxies!

= The velocity distribution in galaxies and galaxy clusters can be ANISOTROPIC!

i.e. at every location x:
V. EV £V, (8.14)

can be true. This corresponds to an ‘anisotropic temperature’.
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Thus, the following applies to all galaxies:

+ Stars do not experience significant encounters. Their orbital energy is largely preserved.

+ The orbit of a star is determined by the smoothed gravitational potential of all other stars
(and the dark matter!) of a galaxy.

+ The density and velocity distribution of a stellar system can be approximated by a

phase-space distribution function f(x, v, t)

f(X, v, t)d’xd’v = Fraction of the stars within the volume d*x around the
location x with velocities in the interval [v, v + dv]

desv =n(x) = Number density

+ The time evolution of f(X, V, 1) is determined by Newtonian dynamics.

+ Since stars can neither be created nor destroyed, a continuity equation for f(X, v, t)
exists:

d & d(fw,
a—];‘FZ%:Oa (W, = (X, %5, X5, V,, V5, 13)) (8.15)

i=1 1

From >'<j=vj, \'/j=-a£ and

8xj

IMPRS Astrophysics Introductory Course Fall 2007




Page 11

2 Zax Zav ax =0 (8:16)

Z—f 0 since v, and X, are independent

0  since @ is independent of v, for the case of

=e
|

Q| QU

x| e

N—
I

gravitational interaction

one obtains:

at 2 (8.17)

i=1

which is called the collisionless Boltzmann equation.
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8.2 The Collisionless Boltzmann Equation

a _of o 0P I _, (8.18)
dt oJdt 'odx; ox, v

Basic equation of stellar dynamics = continuity equation for the phase-space density

Important:

@ So far, no assumption has been made as to whether or not the potential ® is only due
to the particles themeselves or has further contributions from other sources.

If the potential is only due to the particles described by f, then self-consistency is ful-
filled:

AD = 4nGp = 4nGm| f(%,%)d*

mjf(f,ﬁ)aﬂv:m-n:p m
n

(8.19)

= typical mass of a star
= number density

@ The full determination of f(x,v) is practically impossible. Therefore, the com-
parison of models and observations is done via moments of the collisionless
Boltzmann equation: These moments are called Jeans equations.
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8.3 The Jeans Equations
In the following only very abbreviated derivations given, for a full derivation, see e.g. Bin-

ney/Tremaine: Galactic Dynamics. We first define the number density of particles (stars) n

via: I .
n(x) = jf(x,v)d v Oth moment in v

and the mean velocities via:

~ 1 .- :
Vv, = —Jvif(x,v)d3v 1st moment in v
n

8.3.1 0th Moment of the Boltzmann Equation in v

jaid3v+jviald3v—ai’jaid3v:0 (8.20)
ot ox, ox, ¢ dv,
gives:
an a 3 aq) 2 _
g+a—Xijv,.faz v—a—ij-[f(vl.)]:d v, =0 (8.21)
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and with f (v; = ) = 0 we obtain Jeans equation 1 (continuity equation):
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on o
—+—(nv,)=0 8.22
o T on (nv,) = (8.22)
8.3.2 1st Moment of the Boltzmann Equation in v
Jafv d3v+Jvlv iaﬁv—ag A —dv=0 (8.23)
ot 7 ox ox, Y v,
With partial integration of the last term:
[ J v=[[v,(f( =)= f (v, =—a))d,, — (8.24)
m[ ]f(fv 0-5,m
and since: f (vi = £«~) = 0 we obtain Jeans equation 2 (force equation):
3(nv )+i(nvv )+na£—0 (8.25)
ot o, ox,
Subtracting from this equation the continuity equation times V; gives:
V. v) d(nvy,
iy 0 oy, 0 (8.26)
a7 o ox, 0x,
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We now introduce the velocity dispersion tensor o, via:

Gijz.z(vl.—Vl.)-(vj—Vj)zvivj—ViVj (8.27)

which gives the dispersion of the velocities with respect to the mean velocities at each point
in space. Using:

An0;) _ Ay, 3w, e (8.28)
a.xl- a-xi ’ a'xi axi

we finally obtain the more frequently used variant of the 2nd Jeans equation, the
Jeans equation 3:

v, v, o® Jd(nc?)
n—-+ny, —~=-n—~- . (8.29)
ot ox, ox,  ox
naait’ +nv, % : convective (substantive) derivative of v
The terms have the following meaning: ’ G;)
—n2 — % : force terms
For comparison we consider the Euler equation of hydrodynamics:
Dy v o\ - -
p—=p—+ p(vV)v =—pVd-Vp (8.30)
Dt ot

Note that the difference between the third Jeans equation and the Euler equation is only in
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the pressure term. In the Jeans equation it is a tensor, whereas in the Euler equation it is
a scalarc.

aijz is a symmetric tensor, i.e. there exists a choice for the local coordinate system in which

Gijz has diagonal form. In this system o,,, 0,, and o,, are the semi-axes of the dispersion

ellipsoid. In the case of isotropic velocity dispersion o,, = ,, = 0,;, and the third Jeans
equation is identical to the Euler equation.

In general, the Jeans equations cannot be solved without ambiguities, because for stellar
systemes there exists no analogue to the equation of state p = p(p) in case of gases.

— In order to solve a problem of stellar dynamics using the Jeans equations, it is often nec-
essary to make assumptions concerning o;;. Only more recently, improved observational
techniques allow to constrain on the o for galaxies.

Example: Anisotropic, spherically symmetric galaxy in polar coordinates (r, 8, @) and
(v, Vg, Vo) spherical symmetry implies (for the Jeans equations in spherical coordinates,
see Binney/Tremaine):

and v, =

V=V, =V

: : (8.31)

2
¢
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In the stationary case one obtainS'

d
nv, — (2V v, + v )): —n— (8.32)
Define the so-called anisotropy parameter (3 via:
V2
B =1—:z (8.33)
VI"
we can re-write this equation as:
dnv’ Vv dd
+2n Y —n— 8.34
dr ﬁ dr ( )
—pg in hydrostatics) The connection

(This is equivalent to: dp/dr + anisotropy correction
between the potential ®, the circular velocity v, at radius r and the mass M(r) within a

sphere of radius r, is given by:
2
o _ GM(r) _ Y. (8.35)
dr r r
le. . —
vf=GM(r)=—vf dlnn_{_dlnvr +28 (8.36)
r dinr dlnr
Fall 2007
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The comparison with hydrodynamics shows:

-v? « temperature

dinn dInv?

+
dinr dinr
23 . anisotropy correction

> as in hydrodynamics

8.4 The Virial Equations
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For global considerations one generally considers the tensor-virial-theorem. It is obtained

from the first moment of the Jeans equation (2) in the spatial coordinates.

m-_[xk[Jeans equation 2]d°x ) = tensor-virial-theorem

with m-n = p (m = mass of a single star, p = mass density), we get:

(8.37)

Evaluating and reformulating the integrals (see Binney/Tremaine for details) we obtain:

IMPRS Astrophysics Introductory Course

Fall 2007



Page 19

tensor-virial-theorem:

1d’

S e =2 T W (8.38)
With
I, = J px.x.d’x Moment of inertia tensor (8.39)
T, = % pvv.d’x Motion tensor (8.40)
I, = I po.d’x Dispersion Tensor (8.41)
W, = —%H p(X)p(x" (x i_)f"')()i ’|‘3_ Al )d x'd’x  Potential energy tensor (8.42)

X'-X

For the equilibrium case ;’—;I,.k =0, the trace reduces to:
2T +11=2K=-W (8.43)

This is the well-known scalar virial theorem.
Comment: The tensor virial theorem describes a relation between global mean parameters
of a stellar system. It is only valid for the system as a whole and not for any subsystems.
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