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Chapter 1

Matter and Radiation

For a comprehensive treatment of this subject see:
Rybicki and Lightman: Radiative Processes in Astrophysics, Wiley, New York 1979
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1.1 Kinetic theory of free particles

To understand astrophysical plasmas, and especially stars, we need to know their
equations of state, i.e. the relations between density p, temperature T, pressure P and
energy density u:

Pressure P =P(p,T)

_ Equations of State
Energy density u = u(p,T)

For the classical ideal gas we have (k = Boltzmann’s constant):

P .. =nKT
3 3 Classical Ideal Gas
Ugos == NKT = EP

The classical ideal gas law applies for most hydrogen burning stars (main sequence stars,
see below).

Generally, an equation of state for a gas can be derived with kinetic theory from the
Momentum or energy distribution function of the particles.

Consider a cube of volume L3 with N homogeneously distributed particles, i.e. we have
the particle density n, = N/L3. Provided the distribution function of the momenta n(p) is
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isotropic we can calculate:

= [ n(pa*p = [n(p)erpia

—00

The pressure P on a wall is determined by the transferred momentumdp per time interval
dt and per area L2

F 1dp
L2 L® dt

The momentum transferred to the wall perpendicular to the x-direction is:

{

—— ~
Term1l Term?2 Term 3

Q
O'—:S

j j 2p, v,dtL” n(p)dp,dp,dp,

which is readily understood if we consider that:

Term 1 = transferred momentum per particle

Term 2 = all particles in this volume reach the wall during dt
Term 3 = density of particles with momentum p

For an isotropic distribution of momenta, we can write in spherical polar coordinates:

p, = psindcose, v, =ov(p)sindcose, d°p= p*sinddodedp
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and obtain for the pressure:

1dp +7%F
_LZ at H j/zzpvp n(p)sin® @cos’ pd&d pdp

jp v(p)n(p)4z p’d

The pressure is determined by the momentum distribution function of the particles.

The energy density of the particles is:

o0

2
Ugin = Ig( p)n(p)4dzp-d
0
where €(p) = kinetic energy of particle with momentum p. In the non-relativistic case we
have of course € = p2/2m. For relativistic particles we need:

2
mcj m,C p-C

e(p)=p-c 1+£ ) ) y
1+(wj
p
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1.2 Equilibrium distribution functions of fermions and
bosons

All particles known obey either Bose-Einstein or Fermi-Dirac statistics. At low temperatures,
the nature of the particles is important for determining their thermodynamic behaviour.

At high temperatures, all ideal gases of free particles behave in the same way, i.e.

like the classical ideal gas.

Using the grand canonical partition function one can show that fermions and bosons have
the following energy distribution functions in thermodynamical equilibrium:

dg
dN = o TEIT 11
E = energy of the particle
dN = number of particles p in energy range (E,E + dE)
dg = number of quantum states in energy range (E,E + dE)

= ad3xd3p/h3 (multiplicity a due to particle spin)
+1 in denominator = Fermions, Pauli-principle, only one particle per phase space cell h3
-1 in denominator = Bosons, no Pauli-principle
n = “Degeneracy parameter” = (chemical potential p)/(kT)
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For all massive particles which are neither created nor destroyed, it is determined from the
requirement of particle number conservation:

dg
N = .[ e const.

This does not apply for photons in a black body environment which have n = 0.

Depending on n we can identify:

n»1 highly degenerate systems
-5<n<5 medium to weakly degenerate systems
n« -1 non-degenerate systems

(see below for explanation).
1.2.1 Momentum distributions of non-degenerate free particles

If n « =1, we have exp(—n + E/KT) » 1 and consequently:

dN oc e BN
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As the kinetic energy for free particles is:
2

1 o P _ PPt

E=—mv
2 2m 2m
and the number of quantum states within (E,E + dE) is:
d°xd®p
e
we have:
d°xd?®
AN =a——— P
h

Integrating yields:
N =—=-en (2zmkT )

h3

which we can use to eliminate e" and to obtain the well-known Maxwell distribution:

_ZWMT

V (27rka )3/2

2
dN=N. L exp( P jd3pdv
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This is the energy distribution function of non-degenerate free particles in thermodynamic

equilibrium.
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1.2.2 Criteria for the degeneracy of a free particle gas

We first define the following two parameters to simplify the discussion:
Typical de Broglie wavelength A g4 Of @ particle in a thermodynamical plasma:

A4 = h

eBroglie \/W

Mean particle separation r:

n=N/V=1/r’
In the previous subsection we have shown that for large negative n;:
n h®
n<-1: e =— =
a (272'ka)

which can be rewritten as:

77 _ In i ﬁ’c:i))eBroglie
a r

0

Therefore, n « =1 implies a large separation of the particles, in which case their quantum
nature is not anymore relevant and we can treat them as classical particles.
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Degenerate systems in astrophysics are mostly fermionic. Then the Pauli principle ap-
plies and the maximum phase space density is a/h3, i.e. one particle per phase space

cell.
For fermions we have for the energy (¢ = p%/2m) distribution function:

f (&) =|:€Xp[—77+%j+l:| :{exp(‘gk__l_ﬂjﬂ}

where we have used n = u/(kT).

Complete degeneracy is approached if the system is cooled to temperatures which are
much smaller than the chemical potential y, i.e. n » 0 (see also figure below):

1if e<u

KT <u (n>0): f(g)—){o o> u

In this case, p is called the Fermi energy ¢ = y, the corresponding momentum is called
the Fermi momentum p¢. € is the energy of the most energetic particle in the system
(remember: dU = TdS — PdV + udN).

We can determine n by requiring that the integral over the occupation numbers is N:

1

2 3 .43
N _hSHexp(—n+ p2/2ka)+1OI Pd™x
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If the distribution of momenta is isotropic and the particle distribution homogeneous, this
yields:

N _ aJ- 1
V. h* T exp(-n+ p®/2mkT ) +1

A p*dp

L B Substituting x = p?/(2mkT) we obtain:
' 2 x'2dx

= 1 . n= 0; T (27z mKkT )3/2I
- - h exp(—n+x)+1
; ] For strong degeneracy n » 1, 1/(exp(-n + x) + 1) can
305 | be approximated by a step function (see figure) and
~ the integral simplifies to:

y B xM2dx =]ZX1/2dX=E773/2

%0 10 30 exp(—77+x)+1 0 3

Solving for N and inserting Ayeprogie @nd r, We finally have:

121 ﬂ’deBroine 2
="

o I,
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Therefore, N » 1, if ry « Ayeprogie- The quantum mechanical nature of particles cannot be
neglected anymore if their separation is smaller than their typical de Broglie wavelength.

We can calculate the Fermi momentum p from the fully degenerate case:

adr .
h3

N — Pr

3
3 1/3
_ h n1/3
Pr (0{477]

The Fermi momentum is the highest particle momentum in case of infinite degeneracy.

o Pe
n=3 I n(p)4zpdp =
0

or:

Bottom line: (Aycp0qie/fo) determines the degree of degeneracy:

Agesrogiie | =1 Fermi gas
r <1 Maxwell/Boltzmann gas

0]
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1.2.3 Astrophysical examples of degenerate fermions
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We consider a white dwarf, a neutron star and the sun, all at a mass of one solar mass.
The mean densities and temperatures are

1 M,

=———, T ~2-10'K
m, &R
The ratio (Agegrogiie/lo) 1S
R n (Cm_3) )\deBroine/ro
Electrons | Protons/Neutrons
Sun 7-10"0 cm 8-1023 0.15 3.7-103
White Dwarf 1/100 Rg 8:1029 15 0.37
Neutron Star | 1.4-10° Rg 3-1038 --- 27
Degree of degeneracy
@ Sun: ideal gas, Maxwell/Boltzmann
@ White dwarfs: electrons degenerate, protons Maxwell
@ Neutron star: neutrons degenerate
Fall 2007
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1.3 The Planck distribution function for photons

Photons are bosons. Because their particle number is not conserved in thermodynamic
equilibrium, we have n = 0 and, so, their distribution function is:

dg
eE/kT _1

Considering that in full thermodynamical equilibrium the distribution of momenta is isotropic
and that photons have two directions of polarization, we obtain for dg:

dg = 2dVd p 2dV

dN =

47zp dp

Energies, momenta and frequencies of photons are related via:

hv h
E=hv, p= , dp=—dv
C C
Inserting yields the number density of photons in the frequency interval (v, v+dv):

o ON 4zt 1
dV C C2 ehv/kT _1
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Multiplication with h results in the energy density of photons in the frequency interval
(v, vidv):

47 2hv?® 1
c c2 ek _q

If we define the intensity B, (T) as the energy which flows through a unit surface per
second and per solid angle, we obtain for the relation between energy density and intensity
(without derivation):

U dv = dv

uvzljsvda)zél—”sv
c, C

B,(T) is the Planck function of photons in thermodynamic equilibrium (black body
radiation):

3
BV(T):ZhV . 1

2 kT _q

C €

Note: the frequency distribution of radiation of a system in thermodynamic equilibrium is

@ isotropic

@ homogeneous

@ independent of chemical composition of emitting material
@ only dependent on temperature
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For high and low frequencies we have:

@ Rayleigh-Jeans approximation

—<x] = e ~
kT kKT

@ Wien’s approximation

2hy? —hv /KT
5 e
C
Integration over frequency yields the Stefan-Boltzmann law for black body radiation:

= B,(T)=

B(T) = T B,(T)dv=0,T"
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1.4 Equations of state

@ For the Maxwell gas we have: o2

1 _
AL p— o

Using pv = p2/m, € = p%/(2m) and the pressure equation from kinetic theory:

100
P = [ p-v(p)n(p)47p’dp
0

we obtain:

P= %J' pvn(p)4z p*dp = nkT
0

and

T 3 3
U, = n(p)4zp’dp==nkT ==P
kin _([g(p) (p)4zp-dp 5 5

@ For a non-relativistic degenerate Fermi gas we obtain analogously:

12 4% 12 4r1
P= 44 5
3h* m Op P 3 m s
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(where pg is the Fermi momentum as defined above), or:

P=8—”h2(ijmin5’3 _2y,
15 (87) m 3 K"

(calculation of U, not shown).

@ For very high densities, we get a relativistic degenerate Fermi gas, i.e. pg » myc?.
We then have to use the relativistic €(p): pv(p) = pc(1 — myc?/2p?) (Taylor series of
square root) to get:

2p

2.2
P = gﬂcp;‘ (1— T j . %ukm [1+ 4mocj

Pr 2.2
P :E%MCJ p’ [1— m0c2 jdp
Yielding 3h .

P 3P¢

p=Zen[ 2 B n*? 1_n_2,3—m§cz
3 872' h2 (8?;{)2/3

p-Lu, |1+nve AMC
3 3n()

Or, as a function of n:

and
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Temperature density diagram, adapted from Phillips (see Bibliography)
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Summary: equations of state

@ Normal stars: P = nkT, p = ymgn, Uy, = 3/2-P. (u is the mean particle weight; it is
operationally defined via p = p/(m,n)

@ White dwarfs: Degenerate electron gas supplies pressure, n = n,, p = ygmyng, Yg = ZY,
where z is the number of free electrons per atom.

@ non-relativistic degeneracy (p < 106gcm=3): P = A,p°3, U, = 3/2-P
@ relativistic degeneracy (p > 106gcm=3): P = A,(p*3 - B,p??3), P = 1/3-U,;,(1 + C,p73)

@ Neutron star: Degenerate neutrons supply pressure, n = n,, p = nm,, formulae like white
dwarf, but with different coefficients A,,A,,B, and critical density.

@ Photons: photons are bosons, therefore

2 1
e n(p)= e /AT _

1

¢ U =4—”IBV(T)dvocT4
C

phot

P oo ==U

phot 3 phot
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1.5 The Boltzmann formula

Consider free non-degenerate atoms with an excited electron. The energy of one atom A
is the sum of its kinetic energy plus the excitation energy E;:

2
E=P L E
2m,
The number of quantum states within (E,E + dE) is:
d°xd°p
dg, = TA 9

where g; is the degeneracy of the excited level (see below). Integrating over the distribution
function gives:

B _ i g BT [ [ o2 I@mKT) 43 3
Nr—der—hse € jje d’p,d°x

3/2
:V ( ijrnl"::l:T) e77A gi e_Ei /KT
or:
3/2
n — \N/i — (Zﬂmagl’(-r) e77A gie_Ei/kT
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where n; gives the number density of atoms with an electron in quantum state i. The
number density ratio of atoms in two different energy levels E; and E; is:

n, g, ( Ej—Eij
___exp _
n g, KT

which is the famous Boltzmann-formula for the ratio of occupation numbers.
To obtain the number density n, ; of an atom or ion A in a quantum state i relative to

the number density n, of all atoms or ions A, we first have to calculate the sum over all
quantum states, i.e. to derive the partition function:

With Z, we then have:
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1.6 The Saha equation

We now treat the simplest case of ionisation (bound-free transition) which is described by:

atom in ground state + photon — ionised atom in ground state + free electron

We have:
2

E, = Pa _ energy of atom
A

. = Kinetic energy plus ionization energy of ion

10

E, =+ E,

E = P _ Kinetic energy of electron

where we have approximated with very good accuracy: m, = m,. The number of states is:

d°p,d°x d*p,d°x d°p.d°x
g, =0n— 5 — dg, =9, — 5— dg. =0 — 5 —
As in the previous section, we integrate over the distribution function for each of these
Fall 2007
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particles to obtain the particle number densities:

N
nAZTA:

N|
nl = —=

V

Ne
ne:—:

V

(27m, kT )3/2

Ja

(27m, kT )3/2

h3

h3

(27zmekT )3/2

e77e

h3

e”e

e77A

—E;p, /KT

1on
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where we have used g, = 2 for the two spin states of the electron. As energy is conserved,
the chemical potentials have to fulfill the relation:

m+n,—1n,=0

(note that the chemical potential of photons vanishes). Therefore, the product n, - n./ny

allows to eliminate all unknowns n and we obtain the Saha-Equation:

n, -n,

29, (27zmekT )3/2

N, Ja

h3

oxp -

Eion
KT

J
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1.7 Radiation: basic definitions

@ Definition of Intensity:
Consider energy flowing through a small surface element. We then define the intensity

as the energy per frequency dv per time dt per solid angle dw and per projected area
cosBdo flowing through the surface into the direction 8, i.e. via:

d“E, =1, cos@dodvdwdt

l, = Intensity per frequency j ,
do = Surface of receiver at r 0/ 7 7 o
dw = Solid angle within which ' ;
radiation is received

8,0 = Angles with respect to / '.}"'--.
% o '

the norm of do

Vv = frequency

t = Time :
-.‘... ¢)

The intensity has the following properties: \_//)&;

@ dim[l,] =ergcm™? s~ Hz™! sterad™
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@ Particle picture: Number of particles times hv per dvdw dt and per cos6 do

@ Wave picture: Absolute value of Poynting vector

@ |, does not depend on distance (in the absence of absorption and in Eucledian
space)

n

Proof: for the above geometry the amount of energy d*E, passing through the left
surface is exactly the amount of energy flowing through the right surface d*E,’ =
d*E,, we have:

d“E, = | cosfdodwdvdt
d*E/ =1/ cosf'do'dw'dvdt
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The solid angles under which the area elements appear are:
do=r"cosd'do'
do'=r?cosfddoc

(r = distance between the surfaces) which we can insert above and obtain:

,_
IV_IV

This is nothing else than the conservation of surface brightness!

@ Radiation flux density of a star:
The energy flux through do in all directions is:

d°E, = [ d'E,de
A
which with the definition of |, yields:

d°E, =dvdtdo [ 1, cos0dw
Adr
One now defines the radiation flux density F, as

F = I |, cosfdw
A

Page 27
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This is an integral over the full sphere, i.e. it represents the net energy emitted through

the area do (energy emitted minus energy received). For stars, the received energy can
be neglected.

@ Luminosity of a star:

We obtain the luminosity per frequency of the star via multiplication with the whole
surface area (R = radius of the star):

L, =47RF |
Further integration over v gives the total luminosity:

L=47R*[F ,dv

@ Effective temperature of a star:

If a star emits approximately black body radiation, we can write for the total luminosity
according to the Stefan-Boltzmann-law:

2 4
L=47R0,T4
This is the defining equation for the effective temperature T . This equation implies:

oo T :IF VdV:II | cosé&dwdv

v 4r
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and

F =B, = _[ |, cos@dw
Az

where B, is the Planck radiation law (see below) and oz = 5.67-107° erg/s/cm?/K#* is the
Stefan-Boltzmann constant.

@ Flux of a star received on earth:
The flux per frequency received on earth is the luminosity emitted per frequency divided
by the surface area of a sphere with a radius corresponding to the distance r between
star and earth: , ,
L R R
f=—=—F =—-B,

Azr: r> U or

where the latter equation only holds if the star emits black body radiation.
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1.8 Atomic and Molecular Transitions

Emission and absorption of photons occurs through processes in atoms, molecules, and
solid bodies. These processes are governed by Quantum Mechanics. We have a:

@ discrete spectrum of energy eigenvalues for bound electrons (E < 0)
@ continuous energy spectrum for free electrons (E > 0)

The following interactions between photons and electrons are possible (provided the
quantum mechanical transition rules are fulfilled):

@ absorption
@ spontaneous emission
@ stimulated emission

whereby these transitions can occur between the following energy levels:
@ discrete-discrete (bound-bound) — spectral lines

@ discrete-continuous (bound-free) — ionization/recombination continua
@ continuous-continuous (free-free) — “Bremsstrahlung” (ion required!)
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. A
Ee = % v’ T’Wl
| Kontinuum
AAAS @ .
-
=3 @ N\\» i - hy
] : £,
e e 4
spontane Emission %
-
V.V 1
> AVAVAV. |
N\ \» = hv M oen
o \N\N\» s v Enm
induzierte (stimulierte) Emission E’:
¥ Grundzustand
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1.8.1 Eigenvalues of hydrogen and H-like ions (only one e")

@ The state of the electron is described by the following quantum numbers:

n Main quantum number n=1,2,3, ...

I Orbital angular momentum |1=0,1,2,....n—1

m, z-component of orbital angular momentum m=-l-(1-1),..,1-1,1
S Electron spin s=1x1/2

@ Energy Eigenvalues (a, = Bohr radius = 0.529 A )
eZZ 2
2a,n’

E —

n

@ Balmerlines:n=2—-n=3,4,5, ... (Ha, HB, Hy, ...)

@ Degree of degeneracy per energy eigenvalue

n-1
g, =2) (21+1)=2n
1=0

IMPRS Astrophysics Introductory Course Fall 2007



ik N w L8
w
Lya 1215A
Lyp 1026 A
Lyy 972A
Lyd 949 A
Lye 937A
Limit 912 A
Ha 6563 A
HB 4861 A
Hy 4340 A
HS 4101 A
Limit 3646 A
Pa 18751A —
P 12818 A
Py 10938 A
Limit 8204 A
Ba 40511 A
BB 26251 A —+
Limit 14584 A
- 11] — a
o (N] IS o ™ =) < X o
| | | ] | | | |

UBLIAT

e

FETTRIE

nayorig

Page 33

IMPRS Astrophysics Introductory Course

Fall 2007



Page 34
1.8.2 Eigenvalues of atoms with more electrons

@ N(electrons) = 1
@ Alkali metals
@ Electrostatic shielding of nuclear potential

@ N(electrons) > 1
@ LS-coupling (spin-orbit « Coulomb)

(=30, §=Y5, J=[+5

@ jj-coupling (spin-orbit » Coulomb)

'

i=h+s, J=X

1.8.3 Eigenvalues of molecules

[ S

@ Molecular transitions important in interstellar medium and cool stars
@ transition through vibration (near IR) and rotation (submm, mm, radio)

@ E,» E,, » Eo

IMPRS Astrophysics Introductory Course Fall 2007



Page 35
1.8.4 Probability of line transitions

The probability for a line transition | — u (u — 1) through absorption (emission) of a photon
with frequency (v, v+dv) from (into) the solid angle (w, w+dw) is:

d .
d* WP = AJ,¢(V)dVﬁ (spontaneous emission)
i d . .
dw:"™ =B, Ivgo(v)dvﬁ (stimulated emission)
d :
d’ W™ =B, Ivgo(v)dvﬁ (absorption)
where A, B, B, are the Einstein Coefficients which are related via:
2hv° g,
= —B
AJ| C2 gu lu
gu BuI = gl BIu
with: h = Planck’s constant
g, 9, = statistical weights of the levels |, u = degree of degeneracy

A, needs to be derived with quantum mechanical methods.
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¢(v)dv describes the probability for absorption or emission with frequencies (v, v+dv). @(v)
is needed because emission and absorption lines are broadened. @(v) is normalized via:

T p(v)dv =1

1.8.5 Line broadening

Lines are broadened because of:

@ Heisenberg's uncertainty principle: the excited level has finite lifetime T, = 1/A,
which implies an energy uncertainty (natural line width) AE of:

AE-7>h (Heisenberg's Uncertainty Relation)

Using quantum mechanics we can derive the line profile which has the following shape:

A, 12
(V_Vc)2 +(AJ| /2)2

This is called a damping or Lorentzian profile. In classical damping theory, an oscil-

o(V)=27"
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lating and radiating electron would have:
A = 87°e’
' 3m.cA]
where A, is the central wavelength of the line.

@ Thermal motion of atoms imply a Maxwell distribution of their velocities (in thermal
equilibrium):

3/2
m j e—%(viwi +02)

(0.2, 2:) :(2;sz

The Doppler-effect then causes a frequency distribution:

o(v) = Y2 1 e_(A:t_f:aim )2
AVtherm
with a thermal line width of:
AVierm | 2KT
v \m, c?

Atom
@ Perturbations of the energy levels through electromagnetic interaction with neighbouring
particles (atoms, ions, electrons), Stark-effect. We have:
yl2
(v—v.)’ +(r/2)’

o(v)=27"
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where y is now related to the life times 1 via:

1 1
y = +
.

natural Tpressure

and the pressure induced line width is:

1
- particle density

4 pressure

@ The final broadening function ¢(v) is obtained via convolution of this latter broadening
function with the thermal broadening function — Voigt profile:

Lpe o) = 1 «a ]'3 exp(—y)2 dy
ol \ JrAvy 72 o +(X—y)’
Il.'i'2 o = i 7/

K(AK(AD) "-," A A Vp

10-3 \

: _ V-V
1074 Avy
o5 . @ Width of line core proportional to

T"/2 or particle velocity.
w“‘o - = ! - 1 @ Width of wings proportional to
Br/ g particle density.

IMPRS Astrophysics Introductory Course Fall 2007



Page 39
1.8.6 Interaction cross sections

@ Interaction cross sections for line transitions. The reaction probability dW,, for an
atom to be excited by a parallel beam of radiation can be written as:

dw,, (v) = o, (v)en, (v)dv

where o,,(v) is the cross section for the reaction and cn,(v)dv is the photon flux in
(v, v+dv), i.e. the number density of photons in (v, v+dv) times the speed of light.
cn,dv we can rewrite as

dE/(hv)  dE
cdtdA  hvdtdA

where cdtdA is the volume element we consider and of which dA is chosen to be the

surface element perpendicular to the direction of radiation. Using the definition of the
intensity (for a parallel beam there is no dw) and taking into account dA = docos 6 we

obtain:

cndv=c

I
chn =

" hy
Comparing this with the initially given definition of dW,,, we finally arrive at:
hy
Oy =7 BIu (D(V)
A
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@ Interaction cross sections for bound-free transitions. Be v, the frequency corre-
sponding to the ionization energy. Then, in case of hydrogen, we can use the Kramers
approximation for the interaction cross section:

v<v,: o,Wv)=0
vv,. o, ()=const-(v,/v)’

For more complex ions higher order terms in (v/v) are needed as well. As for line
transitions, there exist again simple relations between the cross sections for absorption,
stimulated emission and spontaneous emission.

@ Interaction cross sections for free-free transitions (Bremsstrahlung).
This cross section depend also on the velocities of the free electrons. We have:

_ const I g, (v,0)

3
| 24

where n, is the electron density per velocity interval and g is the Gaunt-factor, a
quantum-mechanical correction to the Kramers-approximation.

n,(v)dov

O

@ Note: If thermodynamical equilibrium holds, we know from Wien’s law that the maximum
or typical frequency of the photons is proportional to the temperature v ~ T. Therefore,
we expect that the opacities k ~ no (see below) for bound-free or free-free transitions
decrease with the same power of the temperature as the power of the frequency, i.e.
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~ T-3. Modifications from this simple expectation are introduced because, e.g., the
ionization changes as a function of temperature. Therefore, the opacity for bound-free
and free-free transitions actually shows k ~ pT =3,
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1.9 Other Emission and Scattering Processes
1.9.1 Rayleigh Scattering

@ Interaction of bound electrons with low-energy photons.

@ Absorption or emission of a photon can be described as a resonance effect, with the
interaction cross section o being:

a e
o(v)x——5 orforv<y,: o(v)oc—
(v +vy) V,

where hv, corresponds to the energy of the line transition.

@ Even if a photon has a frequency much lower than v « v, there is still a small chance
of interaction. The scattering part of the interaction is called — Rayleigh scattering.
For hydrogen, the Rayleigh cross section per atom is (now in wavelength A):

_ 8re* (1026,3\)4

amct  Af
The reference wavelength does not just correspond to Lya (1215A) or the Lyman limit
(912A) because all Lyman lines contribute to the scattering.

Or

@ Rayleigh scattering is the origin of the blue sky.
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1.9.2 Thomson Scattering

@ Interaction of free electrons with low-energy photons

@ This corresponds to a 'resonance’ with v, = 0. Therefore we have:

o = 8re*

T 3mict
Note: The Thomson cross section roughly corresponds to the radius at which the
electrostatic potential of the electron equals its mass.

= 6.6652-10cm?

@ A better approximation for low energies is obtained from an expansion of the Klein-

Nishina formula:
o() = o (1- 20+ (56/5)a” +.)  with @ =—"

m_C

e

2

@ Important for IR, optical, UV radiation in:

@ Stellar atmospheres, stellar cores

@ Interstellar and intergalactic gas

@ Quasars

@ Big Bang (coupling of photons and matter before recombination)
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1.9.3 Compton Scattering

@ Interaction of free electrons with high-energy photons

@ An expansion of the Klein-Nishina formula in this case is:

hy

m.c?

e

o(v)=o; i(|n(205) +3) with o=
8

O<o.,<0; V
@ Compton scattering is important for

@ Extremely hot gas
@ X-ray and y quanta

@ Interaction of high-energy free electrons with low-energy photons is called inverse
Compton effect.

@ X-ray production in jets and active galaxies
@ Sunyaev-Zeldovich effect
(scattering of the 3K radiation at X-ray gas of galaxy clusters)
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1.9.4 Synchrotron Radiation

@ Relativistic electrons
E =mc® =m,c’y > m,c® =0.51 MeV
1

J1-0%/c?

gyrate in a homogeneous magnetic field B. As they are accelerated in this process,
they emit radiation. Low-energy electrons emit cyclotron radiation, relativistic electrons
emit synchrotron radiation.

@ The radiation is emitted tangentially in a tight cone with apex angle 6

m.c® 1 v
y C

@ Because there is a preferred plane of gyration perpendicular to the magnetic field,
synchrotron radiation is highly polarized. The polarization is perpendicular to the
magnetic field direction.
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@ The observer sees a series of short flashes, implying a broad energy distribution. The
peak of the spectrum is at:
eB,

v,..=0.079 4
m.C

sync

@ For a power-law distribution of electron energies (as e.g. observed in the cosmic ray
energy distribution):

N(E)dE = E""dE
we obtain a volume emissivity (see below for exact definition) of radiation:
g(v) o BJ(_p+l)/2V—(p—1)/2

@ Synchrotron radiation is observed, e.g., in

@ Neutron stars — rotating magnetosphere
@ Supernova remnants

@ Spiral galaxies — galactic magnetic fields
@ Galaxy clusters

@ Active galactic nuclei, jets

@ Synchrotron radiation is a typical form of non-thermal radiation.
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1.10 Radiative Transfer
1.10.1 Absorption coefficient

The intensity |, changes, when a light beam passes through matter. Photons can be
absorbed, emitted and scattered.

We expect that the reduction in intensity dl, will be proportional to the intensity Iv itself and
proportional to the path length ds through the material (this may not be correct for very high
intensities!). Therefore, we define the absorption or opacity coefficient via:

dl, =—«,1 ds

The inverse of the absorption coefficient is proportional to the mean free path of a
photon. Furthermore, as discussed above the probability for absorption of a photon by a
single atom in state | is:

dW_. =B, o(v)! dvdawdt

If we have n, atoms per volume in level |, we obtain for the number of photons dNYabs
absorbed in the volume dV = do-ds along the beam:

dN*™ =n -dW,,, -dV =n, - B ()l dvdwdtdods/ 47
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Therefore, the intensity is reduced by:
_ Absorbed Energy  hv-dN ™ hv

v — = n| — B|U(D(V) |VdS
dvdwdtdo dvdwdtdo A

—dl

hy
K, =N, i B,¢(v) =no,

v

where we have used o, = hv/4m - B,, ®(v). This equation relates the absorption coefficient
to the microphysical cross section. Including also stimulated emission we have

hy
K, = —go(v)(n, BIu o nu Bul)
A

or, because of g B, = g9,B,, we can also write:

K, = h—v¢(v) BIu (nl — N, &j =0y [nl — N, &j
4z 9 9,

u

If we generalize to all other bound-bound, bound-free and free-free absorption of all
elements, and include Thomson scattering, we obtain a formula like:
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a = Elements

B = Degree of ionization

Y = Levels within degree of ionization

o>y = Levels above

n, a.p = Occupation numbers

o, ap = Absorption cross sections

g, %P = Statistical weights of levels

Ne = Number density (cm™3) of free electrons
b, &P =n, “P(NLTE) / n, *F(LTE) = 1 (see below)

negative terms = stimulated emission

bound - free
lines
free - free
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Modern astrophysics takes millions of lines and several 10, 000 bound-free and free-free
transitions into account considering almost all elements in all levels of ionization.

@ Important absorption processes in cool stars (T4 < 8000 K) are:

@ H™: bound-free/free-free

@ HI, All, Mgl: bound-free

@ Hl and all neutral elements: lines

@ H,, CH, NH, OH, CO, C,, CN (diatomic molecules): bound-free/free-free/lines

@ Important absorption processes in hot stars (T > 8000 K) are:
@ H, Hel, Hell, abundant metal ions: bound-free, free-free

@ Free electrons: Thomson scattering
@ All ions: lines

@ Because the occupation numbers n, a8 enter k,, this is a function of temperature and
density: k,(T,p). For not too large ranges in temperature and density, one can usually
separate (see above, relation between k and cross section):

K_V — pl...ZKV (T)

IMPRS Astrophysics Introductory Course Fall 2007



Page 52

-23 21
- HLymanl- G L
= kante =
-24 ool |
- He*-
= / =
_'25 _23 —
- \ISi N
26 o 24
- Mg 18 =
] 3 B 2
~27 o -25 g—-*-
b @ %
i 2 ’ 2 o * 7
| ] * ] + £ 7
c 3 Z = 7
-28 ::3 NMQ i / gﬁr_ E Tz
. - +
B L | @ T
m = H~ Gebunden-Frei > L | + I/ /
= log x 40 R © 2
B S O SRR ot it oot sy P o E £
~ |(Rosseland) e = iy . ME
=29 H Balmerkante 5 et ~27 p- > A7
i ! [ | logx E
i | ~Rosseland)|[ T8 T T
I, Ty o S L G S S S [ S N R S G S W S N G T S5 S [ S _-JlJI['IIIIL:Elllllllllll
100 1000 10000 | —28 100 7000 10000
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1.10.2 Emission Coefficient

Spontaneous emission enhances the intensity of radiation or can be the sole source of
radiation. Spontaneous emission requires atoms or ions to be in excited states, i.e. they
are in a hot plasma or exposed to radiation. We define the emission coefficient via:

dl, =¢,ds

Note: dl, is independent of |, because spontaneous emission does not depend on the
incident radiation as stimulated emission (which was therefore included above with the
extinction coefficient)

Because of the general Einstein relations between cross sections 0,,, and 0., we have

- = = 3

'

P
2hy° " _hy o)y _hv
— BB L7k a.p 2y a.p a,p+1 a4, BTk
g, = E E X E n b o e + E n; o5 |tNTTnoq"e
a p

2 a,B " r.0 [
C 4 ~ 7 >y 5 ~ /
bound - free N — g free - free
L lines i J

Therefore we have here as well: €, = €,(p,T).
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1.10.3 Radiative Transfer Equation

Taking into account absorption, stimulated and spontaneous emission as processes reduc-
ing or adding intensity, we finally write the Equation of Radiative Transfer:

dl, = —x, 1 ds +g,ds
absorption emission

or

dl,
=—-x | +¢
ds
This an inhomogeneous 1st order differential equation which can be solved straightforwardly
as long as k and € are known as a function of density, temperature and chemical
composition and are not dependent on |, (as in case of a Laser or the absence of
thermodynamical equilibrium).
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< ds » To solve the equation, we introduce the optical
depth T, defined via:

S
dr, =x,ds or rzjzcds'
0

We rewrite the equation of radiative transfer as:
dl g

4], =—+£=S

dr, K

14

|4

where S, is called the source function. We then multiply by exp(1,) and obtain:

dl &
[d ~+1, |e" =—e"
7, K

14

which is equivalent to:
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of which integration yields:

7, 0_ gv Tl,/ !
e -1 -1 _j—e dz)
OKV

or by multiplication with exp(t,):

7’-V
_ 1% &y a-(r-7l)
= e +[Zetdr
: 0 KV
absorption - ~— /
emission

This relation can be explained as follows:

|,2 is the radiation falling onto a plane-parallel sheet of plasma with an optical depth of T,
What remains from this incident radiation after the sheet has been crossed is I,° -exp(-T,).
On the other hand, the sheet emits radiation itself. At each position along the ray, € /K,

is contributed. This contribution is however again reduced by the optical depth of the
remaining path to the edge of the sheet, i.e. by 1, - T', .

We conclude that:

@ Radiation cannot penetrate areas with 1, » 1

@ If we observe a radiating object, we cannot receive emission from regions with 1, » 1
(T measured inward from the surface of the object).

IMPRS Astrophysics Introductory Course Fall 2007



Page 57
@ For several layers of gas at different temperature (stellar atmosphere!), the observed

intensity reflects the temperature at 1 = 1, because 1 = 1 corresponds to the mean free
path of the photons.

In summary we have:

dl, =—«,1 ds+¢ ds Equation of radiative transfer

T, = '[ K,ds’ Optical depth or optical path
0
S, =¢,/xk, Source Function
;“V =—1,+S, Equation of radiative transfer
z-V

Integral of eq. of radiat. transfer
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1.11 Thermodynamical equilibrium and radiative transfer

In perfect radiative equilibrium, we have |, = B (T) and the radiation field is isotropic and
homogeneous, i.e. we also have dl /ds = 0. Under these conditions, the radiative transfer
equation reduces to Kirchhoff’s law:

g, 2hv? 1
=B,(T)= 2 ek _q

S,(M=

14

In principle, only a closed system can be in thermodynamic equilibrium. Therefore, radiative
systems, like stars, can never be in a complete global thermodynamic equilibrium.
Nevertheless, stellar interiors and many other systems are in approximate local thermo-
dynamical equilibrium (LTE) if the following two conditions hold:

@ Elastic collisions of particles are efficient in establishing a Maxwell velocity distribution
with a single local kinetic temperature.

@ Inelastic collisions are more frequent than radiative absorption and emission processes
and determine the occupation numbers of ionized states and energy levels. This is the
case, if the particle density is high enough (see section on LTE below).

Because it does not matter whether the equilibrium occupation numbers are established
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via photons or particles, the occupation numbers can be calculated with the Boltzmann
and Saha formulae using the local kinetic temperature. Consequently the radiation emitted
in the small volume in LTE also follows a Planck law and we have S, = B (T) = ¢ /K,

i.e. again Kirchhoff’'s law. The total local distribution function of photons is however not
determined by the local temperature:

dl
220 = | #B/(T)
ds
but by the local radiative transfer equation:
dl,

ds K ( l,-B, (T (S)))

At any frequency, depending on the difference between incident radiation and locally emit-
ted black body radiation, the intensity either decreases or increases when passing through
the small volume in LTE.

In the theory of stellar atmospheres, LTE is usually assumed (but see exceptions discussed
later). As already indicated, this assumption does not mean that we assume complete
thermodynamic equilibrium, it only means that we assume that the emission is black-body-
radiation of a temperature corresponding to the kinetic temperature of the particles. Even

if the incident radiation is concentrated in one line, LTE implies that the radiation emitted
within a small volume follows B, (T).

IMPRS Astrophysics Introductory Course Fall 2007



Page 60
1.12 Emission and absorption line spectra

We now discuss under which conditions we will observe emission and absorption line spec-
tra. We consider a box of length s filled with hot gas and located in front of a light source
with intensity distribution 1,°. We integrate the equation of radiative transfer through the box:

l, =10+ [s,(T)e " dr,
0
and obtain (as above):
l,=10e™ +5,(T)(1-e™)
or: 0 s . _
|, =10 +B,(T)(1-e™) inLTE
where 1, is the optical depth through the hot gas at frequency v and S, is its source function.

Four limiting cases illustrate what this equation implies:

@12—0,71,«1,LTE, i.e. the gas is in LTE but optically thin, and the background
illumination is negligible. Expansion of the exponent in a Taylor series results in:

|, =7,B =x5sB,
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This means that the gas will show strong (weak) emission where K, is large (small). °
At frequencies corresponding to line transitions between discrete energy levels of the
atoms or ions of the gas, K, is large and we will see a characteristic emission line
spectrum. Astrophysical examples for this situation are: stellar winds, star formation
regions, and active galactic nuclei.

@l%—0,1,»1,,i.e.the gas is in LTE and optically thick, and the background
illumination is negligible. This reduces the equation to:

| =S, or 1, =B, InLTE

The gas in the box emits a featureless black body spectrum. Here an astrophysical
example is the cosmic microwave background.

@1 2#0, 1, «1,i.e.the gas is optically thin, and it is illuminated by a background
source. We have:

| =1'Q-7,)+S,z, =1 -x,5(1-S,)
= 1 | for S <I?
|, T for S >1I°

If we have B, = S, < |,? and k, is large because the frequency corresponds to a line
transition in the gas, we evidently obtain an absorption line (astrophysical examples:
stellar atmospheres, interstellar medium in front of a star, intergalactic gas in front of a
quasar).
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On the other hand, if B, = S, > |.,° and, again, k, is large because the frequency

Page 62

corresponds to a line transition in the gas, we will see an emission line on top of the

background spectrum. Stellar coronae are example of this phenomenon.

@l 2#0, 1, »1,i.e. the gas is optically thick, and it is illuminated by a background

source. Here we have again, as in the second case:
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1.13 Validity of Local Thermodynamical Equilibrium

In almost all plasmas (except very thin ones with magnetic fields), the Maxwell distribution
is valid. The validity of Saha and Boltzmann formulas on the other hand depend on the

ratio of photon energy density Uphoton tO particle energy density Uparticles

A1 A
u =—|Bdv=—"-0,T"
photon E‘)‘ v C B
u particle = g nkT

| 9K <1 LTE

photons _ s s —4~1  LTE questionable
u articles n / cm

p >1 Non-LTE

. = 36.5 - T* is the limiting relation for which U ons = Uparticles-

If a system is in Non-LTE the population of energy levels and ionization states needs to

be calculated explicitly on the basis of the radiation field and collisions. The Boltzmann

and Saha equations cannot be used anymore. Radiative transfer in this case requires the
solution of non-linearly coupled differential equations implying a significant numerical effort.
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LTE

LTE questionable

Non - LTE

@ Stellar atmospheres (n
=10"3...10"6 cm™3) for T4 ~
25000 K

aStellar cores

@Atmospheres of super-
giants (n =10"0...10" cm™3)

@Outer atmospheres
(chromosphere, coronae)

@Stellar winds
alnterstellar medium
@Intergalactic medium
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