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ABSTRACT

We have developed a universal approach to compute accurately the brightness of eclipsing
binary systems during the transit of a planet in front of the stellar disc. This approach is
uniform for all values of the system parameters and applicable to most limb-darkening laws
used in astrophysics. In the cases of the linear and quadratic limb-darkening laws, we obtained
analytical expressions for the light curve and its derivatives in terms of elementary functions,
elliptic integrals and a piecewise-defined function of one variable. In the cases of the loga-
rithmic and square-root laws of limb darkening, the flux and its derivatives were expressed in
terms of integrals which can be efficiently computed using the Gaussian quadrature formula,
taking into account singularities of the integrand.
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1 INTRODUCTION

Recently several authors have developed algorithms for the calcula-
tion of transit light curves (see e.g. Mandel & Agol 2002; Pal 2008;
2012). However, the problem of the calculation of the light curves is
still relevant, because the existing algorithms are not applicable to
all values of the system parameters for some limb-darkening laws.
Besides, they do not allow sufficiently accurate calculations of the
light curves for some limb-darkening laws. In addition, calculations
of derivatives of the light curve as a function of system parameters
are important, because they can be used to solve the inverse problem
of interpretation of the light curve.

The paper Mandel & Agol (2002) contains an analytical expres-
sion of the light curve by elliptic integrals, for the cases of the
linear and quadratic limb-darkening laws. In doing so, 13 variants
of relations between the parameters are considered. For other limb-
darkening laws (law of square root and its power) only an approx-
imate method of light-curve calculation at the radius of the planet
more than 10 times smaller than the radius of the star is being used.
In this case, the accuracy is 2 per cent of the depth of the eclipse.
In the paper Pal (2012), directly, there is only an expression of the
light curve in the linear and quadratic limb-darkening laws, and the
derivatives of the light curve are calculated by difference methods
which is less favourable in terms of the time and accuracy of the
computation. (This work contains no direct analytical expressions
for the derivatives.) In addition, none of the above works consid-
ered the logarithmic law of darkening, which is most preferred for
early-type stars (Klinglesmith & Sobieski 1970; Van Hamme 1993).

The approach presented in this paper allows us to calculate a
light curve and with almost machine accuracy for any values of the
parameters (including near singularities). Binary system parameters
are the radii of the components and the distance between the centres
of the components in the projection on the picture plane. In general,
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the algorithm is uniform for all values of the system parameters,
which significantly facilitates its implementation. We obtained ana-
lytical expressions for the transit light curve of the eclipsing binary
system and for its derivatives in the cases of the linear and quadratic
limb-darkening laws. These quantities are expressed in terms of a
piecewise-defined function of one variable and incomplete ellip-
tic integrals, which can be computed with methods proposed by
Carlson (1995). In the cases of the logarithmic limb-darkening law
and the square-root limb-darkening law, the light function is ex-
pressed through integrals that can be efficiently computed using the
Gaussian quadrature formula. In this respect, the computation time
of the light curve is not much more than the computation time by
analytical expressions.

2 MODEL DESCRIPTION

We considered the model of the eclipse of a spherically symmetric
star with a thin atmosphere by another spherical opaque component
(the other spherical star or a spherical planet).

Fig. 1 shows the geometry of the stellar disc in an eclipse.

The brightness at the point of the disc of the eclipsed star with
polar coordinate p is given by

J(p) = JO)I (R%) .
Here J(0) is the brightness at the centre of this stellar disc,
10r) = (1 = f(u(r)),
) = V1-r2,
fw) =" Acfi), ¢h)
P

where the functions f; are such that f;(1) = 0, defined by the law
of limb darkening in question, and A are the coefficients of limb-
darkening.
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Figure 1. A model of the eclipsing binary system. The projection is on the picture plane. Here the smaller component is a star or an exoplanet. The geometry
of stellar discs in an eclipse. Here R, is the radius of the eclipsed star, R, is the radius of the eclipsing component, D is the distance between the centres of the
discs of the components, and p and W are, respectively, the polar radius and the polar angle of a point on the disc of the eclipsed star. The origin is located at the
centre of the eclipsed star and the polar angle is measured counterclockwise from the radius vector connecting centres of the star and the transiting component.

In this paper, we consider the following frequently used limb-
darkening laws:

(i) Linear limb-darkening law, for which filu)s = A/fi(n) =
A1 —p)

(i1) Square law of limb darkening, which is characterized by the
presence of the term A f, (1) = A (1 — w)? in the expression for f

(iii) Logarithmic limb-darkening law, which is characterized by
the presence of the term Af; (1) = — Apuln p in the expression
for f

(iv) Square-root limb-darkening law, which is characterized by
the presence of the term A fo(u) = Ap(1 — /i) in the expres-
sion for f. \/m where [ is a positive integer.

Corresponding results can be easily extended to the case when
the expression for the brightness contains a term.

3 GENERAL INTEGRAL FORMULA
FOR THE FLUX

The decrease of the flux of the binary system due to the eclipse is

L —L(D.R., R,,>=AL<D,R*,R0)=// J(RDAR. ()
S(D)

where L is the unobscured flux of the binary system, L is the
obscured flux of the binary system, i.e. the light-curve value, S(D)
is the area of overlapping discs and R is the radius vector of the
point on the stellar disc.

To calculate the integral (2), we introduce the following func-
tions:

T, x < —1
AX =< arccosx, —1<x<1 (3)
0, x> 1

and

sz{ 4

0, x <0
Then,
dAx 1
= . 5
i=e(s) ®

The relation (5) is obtained naturally by noting that Az =
Rearccosz, Qx = Re /7 for a complex number z with Imz = 0
and for the functions of the complex argument arccos and /- that
are analytic continuations of the inverse cosine and square root of a
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real argument. The analyticity region is such that —mt < argz <
for each z.

In the polar coordinate system, the region of the integration S(D)
is given by

P <R,
S(Dy={ T=g="7 ©)
,02+ D" — RU <
T = COS¢@.
In the case of integration (2) with respect to the coordinate ¢, for
p>+D>—R2

the values of p, which satisty

55D < 1, the variable ¢ takes

the values such that

0>+ D*—R? 0>+ D> —R?
——— = < cosp & || <arccos | ————— | .
2pD 2pD
2 2 2
Hence, the integration over ¢ is from — arccos (%) to
pD
p2+D27R(2,
arccos <720 5 )
. p24+D2—R2 . .
For the values of p for which 5 - <- 1, the inequality
0>+ D*—R?
——% < cosg
2pD

holds for every value of ¢. In this case, the integration with respect
to ¢ runs from —7t to 7t.

For the values of p, for which % > 1, the last in-
equality (6) is not satisfied for any values of ¢. Formally, at
these values of p both integration limits by ¢ are set equal to
zero.

Next, using the notation (3) and introducing the function

x2+D2—y2)

\II(D,x,y)EA( 72D

the integral in (2) can be rewritten as

R, w(D, p, R,)
AL(D, R,, R,) =/ pdp/ deJ (p)
0 _\I/(D’ P, R())

Ry 0
= 21(0)/ p\V(D, p,R,)1 (*) dp
0 R,

= JO)R?AL (RB, 1, %) = J(O)RZAL(S, 1),

@)
where r = %,8 = R% and
1
ALG, 1) = 2/ p V@, p,r)I(p)dp
0
1
= / U, /o, 1) I(/p)dp. (®)
0

Note that AL(S,r) is the value of the decrease of the flux of
the binary system when the radius and brightness at the cen-
tre of the eclipsed star equals unity, the radius of the second
(eclipsing) component equals 7 and the distance between the cen-
tres of discs equals §. In view of (1) we can express the de-
crease of the flux as a linear combination with limb-darkening
coefficients:

AL, 1) = ALy(8, r) + N AL(S, 1)

FAGAL B, 7))+ ALALL(B, 7))+ A ALY, ).  (9)

The unobscured flux I/ of the star is
LY = J(ORL/,

where R is the radius of the star and
1
L= 7[/ 1(/p)dp
0

= L] + AL+ AL+ ALL] + ApL). (10)

When both components of the binary system are stars, the unob-
scured flux LF of the binary system is the sum of L/ for each star.
For a binary star and planet, L” equals I/ for the star.

Let g be a function such that g(p) is a separate linear term in
the expression for /(,/p) [given by equation (1)]. gV is one of its

primitives: g(p) = %;(”). We consider the integral of the general
form, which is a contribution to AL(8, r) caused by the term g(p)
in the expression for 1(,/p):

1
ac6.r = [ W6, VB0 0. an
0
We note that for § > 0, r > 0

lim (5, /. r) = mO(r — ),
p—

where
1, t>0
emn=4¢1, =0
0, t <O.

Using integration by parts, we obtain

ALL(S, 1) = W(S, 1,r)g 1) — O — 8)g~(0)

B /1 (8> —r* — p)gp)
0 2p

1

xQ ((p —@—r)(G+r)P— p)) do- 12
where (5) is used for differentiating \W.

For a non-negative r and § the integrand in (12) is non-zero
only if (§ — r)> < p < (8 + r)>. Therefore, the integral in (12)
is zero if |§ — r| > 1, and if |§ — r| < 1, integration can be
performed over the interval ((§ — r)?, min((8 + )%, 1)). In this

interval arccos (%) is a monotone function of p, so we can
perform the change of variable in integration in the following way:
62 2 _
x = arceos | ——- (13)
26r
Then,
p =38 +r*—2récosx. (14)

Integration with respect to x will be performed over the interval

( <a2+r2—min((5+r)2, 1)))
0, arccos .
28r

Taking into account the fact that

1

): V(o =G=r?) (G+r7 =)

d S +rr—p
— arccos
dp 268r




and
8 +r? —min ((6 + )%, 1) 24+r2—1
arccos ( 35, =A (T)
=Y, r, 1),
we obtain

w(s,r, 1)
ALL(S, 1) = W(S, 1,r)g 1) — nOF — 8)g~(0) +/
0

(r —r8cosx))g= (8% +r* — 2ré cos x)
824712 —

2ré§ cos x
(15)

Expression (15) is obtained assuming |6 — r| < 1. If |6 — r| > 1,
then the value of W (4, r, 1) = 0 and the integral in (15) vanishes. As
noted above, when |§ — r| > 1, the integral in (12) is zero because
the integrand vanishes. Thus, the expression (15) is valid for all
positive values of § and r.

By differentiating the integrand in (11) with respect to é and r, we
similarly find an expression for the corresponding partial derivative
AL,:

v, r, 1)
AAL,(S,
# = —2r/ cosx g(8% + r* — 2r§ cos x)dx,
0
(16)
v, r, 1)
0 8
W - 2,/ g(8% 4+ r? — 2r8 cos x)dx. a7
r 0

The contribution to the £/ caused by the term g(p) in the expres-
sion for 1(,/p) is

L] =n(g" 1) — g Noy). (18)

4 INDIVIDUAL LAWS OF LIMB DARKENING

The expression for the decrease of flux due to the eclipse of the
stellar disc with uniform brightness (with zero coefficients of limb
darkening) can be obtained if we substitute in equations (15), (16)
and (17) g(x) = 1, g~'(x) = x. Then,

E({ =T,
1

ALo(8,r) = WS, 1, r)+ W, r, Dr? — EQ(é,r), (19)
ALK, 1) Q.7

98 - F) (20)
and
w =2W(,r, Dr. 21

or
Here

06, N=Q((1-6-r?) (G+r*-1)).

(i) Putting g(x) = pu(v/x) =+/T—x and g"Nx) = — 3(1 —
x)%, we get
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AL,S,r) = %”@(r — %)
1 28 +7) 4
+Q(1—<r—s>2) L(«s—m“
2
5(3(52 —r)+ A==+ —1)F }
+§ Q(1—(r—28)7)(Tr*+8 —HE. (22)
Here

fl

48r \I/(8r 1)
m ; :
( (r — &) '1—(r—6)2)
s F(\p(a r, 1)‘

(\D((S,r, 1) ’

1—(r—8)2)

E

1—(r—8)7>’

where F, E and IT are incomplete elliptic integrals of the first, second
and third kind:

¢ do
F = [
@l /0 [ — msin2(0)
P
E(¢ Im) = / T sin2@).
0

¢ de
M(n; = '
(n; ¢ |m) /0 (1 — nsin2(0))y/1 — m sin(0)

The efficient algorithms for their calculations were suggested by
Carlson (1995). When |8 — r| — O or |§ — r| — 1, the limit of
the term containing the factor IT in (22) is equal to zero. Note
that a similar expression was obtained by Pal (2012) for the integral
(primitive) of the appropriately chosen vector field along the limb of
the eclipsed component. However, application of this expression for
the calculation of the flux of the system requires further account of
its singularities. Expressions (22) and (19) give a direct algorithm
for calculating the brightness, and the possible singularities are
taken into account automatically by piecewise smooth functions of
one variable 4 and Q

0AL(8,r)
06

v, r, 1) P
=-2 1—@—r)2—48rsin? (=) d
r/0 cos(x)\/ ( r) r sin (2) x

:—%Q(l—(r—é)z) [(r+8)—1)F

+(1-8—r%) El, (23)
AL, 1) @, r, 1) X
P =2r/0 \/1—(5—r)2—45rsm2 (5) dx

=4rQ(1—(r—97)E. (24)

For the term with linear limb-darkening coefficients in (9)

ALi(8,r) = AL(8, 1) — ALY, 1), (25)
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s
ol = —£f=-7.

(ii) Assuming g(x) = x and g{~ P(x) = x?/2 we get

Ly =7,

1 r? 2 5

ALy(S, 1) = 5\IJ((S, 1,r)+ > (28 +r*) W(s,r, 1)
1

-3 (8 +57+1) 0@, r). (26)
The partial derivatives of AL, are as follows:
AL, (S 82 1
9850, 1) _ 28rW(S, r, 1) — Firtl 0@, r), @7

98 28
AL, (S,
# =2r (82 +r’) WG, r, 1) —2rQ@, r), (28)
,

AL,(S, 1) =2AL,(8, 1) — ALy(S, 1) — AL (8, 1), (29)

3 7T
ngzg{—c{)—q’:g.

Further, we note that

we,r ) n 1—(—r)>
‘7‘*—§‘AQ(‘i®f*)

(iii) Assuming g(x) =+/1—xIn(l —x) and g~ Y(x) = (1 —

x)*2(4/9 — 2/3In(1 — x)), we obtain for the logarithmic limb-
darkening law
4
Ll =-cm
L 9”
2
AL (8, 1) = AL(8, 1) (ln(48r) — 5)
21
—3 In(48r)O(r — 8)
8«/? 2 G—r? 1—06-r)?
——=A/or |r
3 P\ 4sr 0 4sr
G—r? 1—(6—-r)?
— or P} . .
£e ( 451 457 G0
where
'P{‘(n, 0= / - A(QK) ( — sin x) 3 1.n (k — sinzx) .
0 n + sin? x
31
s 3
. 7 AQK) (k —sin?x)? In (k — sin”x)
?2(71,/():/ cos 2x — dx
Jo n + s~ x
(32)

The partial derivatives of AL, are as follows:

e L

1—@6—r)
35 FY; 48r ’

(33)

Pik) = cos2xv/k —sin? xIn (k — sin’x) dx,

n k
/5 — A(Qk)

0
(34)

OAL; (8, r) AL (8, 1—(—r)
T—l@é) - N (T)

(35)

. 2 —A@b i
PE(k) = / Vk —sin’ x In (k — sin’ x) dx. (36)
0

4
J1T—=x and g-x) = — =(1 —x)*"4, we
obtain the following expression for the case of the square-root limb-
darkening law:

(iv) Assuming g(x) =

o=
; 5
47t
AL3(8 }") = ?6(}’ —(s)
8 §—r)? 1—(—r)?
8 sy [pege (=0 126G =)
5 456r 48r
S—r? 1-=06-r)
— orp? : : 37
"% ( 46r 46r @7
where
5 —AQK) —sin“x i
fPlQ(n,k)=/2 (k 2) dx, (38)
0 n 4+ sin® x
m 5
0 5 AQK) (k — sin? x) 4
Py (n, k)= / cos 2x7,2 dx. 39)
0 n + sin“ x
The partial derivatives of AL are as follows:
0AL;(S, r) 1—(@—r)
L — _4r4 _, 40
38 37 48r @0
where
7~ A(Qk) 1
fPsQ(k) = / cos 2x (k2 - 51n2x) ‘dx, 41)
0
and
0AL;(S 1—@6-r)
ﬁ — 47 .4/4,,333’9 M , (42)
or 46r
where
5 —AQK 1
PL(k) = / (k —sin*x)* dx. 43)
0
For the term with square-root limb-darkening coefficients in (9):
ALo(8,r) = AL3(S, r) — ALY, 1), 44
u
Lo=L]-L]=—3

Itis easy to generalize the formulas obtained for the square root to
the case of the limb-darkening law which contain the brightness term
/1! in expression of brightness, where [ is an odd positive number.

It’s enough just to put in (15), (16) and (17) g(x) = /(1 — x)



and g Nx) = — 4i+l(1 — x)!*/4_ For an even I of non-multiple of
4, the light curve and its derivative can be expressed by elliptical
integrals similarly to the formulae (22)—(24). If [ is divisible by 4,
the light curve and its derivative can be expressed by elementary
functions similarly to the formulae (26)—(28) obtained for quadratic
limb darkening.

5 NUMERICAL CALCULATION OF
INTEGRALS

Thus, the calculation of the brightness for the logarithmic and
square-root limb-darkening law is reduced to the calculation of
the integrals P¥, PL, PL Pk, pL pk, szQ, Ppe fPSQ, P2 (depending
on parameters). These integrals can be represented in a general form
as

dx, (45)

7'[
P, k) = /E — A(Qk) Vik, x)K (k — sin? x)
0

n + sin? x

for PL, PL, pL, P§, or
Tt
) 5 —AQK
Pk) = / V(k,x)K (k —sin® x) dx, (46)
0

for PL pL, pL, P2 P2, P2 Here V(k,x) = Z u; (k)v; (x), where
=

v;(x) are some trigonometric polynomials, n > 0, k > 0. We de-
note the maximum degree of these trigonometric polynomials by
1. K(y) = /ylnyor K(y) = /y", respectively, has a logarithmic
or fractional power singularity at t = 0. In the case of calculat-
ing p¢ (PSQ, P2, we put y = 1. For the limb darkening of the
general form, which is characterized by the presence of the term
W in the expression for brightness (odd /), it is enough to put
y = [mod4.

By applying the Gaussian quadrature formula, we can find the
numerical value of the integrals with high precision, producing a
relatively small number of elementary computations (the amount
of computation of the integrand is proportional to the required
number of significant digits). However, at the same time, an in-
tegrable function must satisfy certain conditions. In particular, this
can be achieved if the higher derivatives of the integrand (or its non-
singular component) are uniformly bounded on the section of inte-
gration. To reduce the computation of the integrals (45) and (46) to
the computation of the integrals that satisfy the above conditions, we
divide the interval of integration (0, % — A(Qk)) into a sequence

Xy > X, > - > X, such that X, = g — AQK)), Xy =0,

k —sin X, .

mfoortZ]andk#l, 47

X; —Xip1 < forall i < M and k. (48)
max{z,

In the case of equation (45), we also require the following in-
equality:
n + cos X;
n+cos Xy
If k > 1, the inequality from (47) also holds fori = 0. If k < 1,
then
k — sin® X, - 3
(Xo - X])Sin(ZXO) -2

<2foralli < M and k. (49)

and X| > X0/2 (50)
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(47)—(50) can be used as recurrent relations, allowing us to construct
the sequence X;.

Thus,
M—1
P k)= Pin, k),
i=0
M—1
Py =) Pith),
i=0
where
- X V(k, x)K (k —sin®x)
Ti(n’k):/ — dx (C3))
Xit1 n + smn-x
and
X
Pi(k) :/ V(k,x)K (k —sin’x) dx. (52)
X,

i+1
For fixed values of n and k the last two integrals can be represented
in the following form:

Xi
Pi =/ U)K (k —sin’ x) dx,
Xit1

where U(x) = 2%9_ for (51) and U(x) = V(k, x) for (52).

n+sin? x
By linear substitution of the variable of integration

x(t) =Xy + (X — Xit1)

in (53), we turn to the integration from zero to unity:

1
Pi = (X; — Xiy1) / U)K [k = sin’(x(1))] dr, (53)
0

In this form, P; can be computed by applying the Gaussian quadra-
ture formula:

1 N
/ h(o@)dt ~ Z wih(t). (54)
0 =1

Here w(r) > 0Vt € (0, 1), nodes #; are the roots of the polynomial
Hy(t), where {H,} is the system of orthogonal polynomials with
weight  in the interval (0, 1):

1
/ H()H;(t)w(t)dt = Oforl # j.
0

w; can be found as the solution of the system of N linear algebraic
equations, which can be obtained if we put h(t) = 1, h(t) =1, ...,
h(t) = ¥ in (54) and replace the approximate equality with exact
equality.

N can be adjusted so as to ensure the required accuracy of the
calculation of Py;(n, k) and Py (k) and can be the same for all
values of 7, n, k. N is of the same order of magnitude as the number
of significant digits in the result, and this allows us to calculate the
integral with the required accuracy in a reasonable time. So, after the
calculation of the roots of polynomials x; and weights w; (this may
take a while), we can reuse them for computing Po;(n, k), Pyi (k)
forall i, n, k.

In the case of i > 0 or of k > 1 we put in (54): w(?) = 1Vr € (0,
D), h(t) = X; — X; 1 DUx(0)K(k — sinx(t)). Then,

N
P; ~ Z wh(t).
=1

Note that in this case H;(f) = P;(2t — 1), where P; are Legendre
polynomials.
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In the case of i > 0, k < 1 and the logarithmic limb-darkening
law (K (y) = ,/yIny), we represent the integrand from (53) in the
form

— Qin2
UG)WT—1 w
— qin?
[ (EEO )]

Next, we put in (54): w(t) = +/1 — 1Vt € (0, 1),

— qin2 — «in2
Wty = UGy & j‘“_(f(’)) m(" Slm_(;‘(’))).

1.0)

1
Note thathere H;(t) = Pl-(z‘o)(Zt — 1), where P,-(

N
nomials. Let S| = > w,h(z).
=1

are Jacobi poly-

Next, we put in (54): w(t) = —+/1 — tIn(1 — 1)Vt € (0, 1),

h(t) = —U(x(0)y k_jmi_z(lx(’))

The polynomials corresponding to this value of @ can be ob-
tained through the standard procedure of orthogonalization. Let

N
Sy = > wih(t). Then, Py ~ (S; + $2)(Xo — X1).
=l
In the case of i > 0, k = 1 and the logarithmic limb-darkening
law (K (y) = ,/yIny), we represent the integrand from (53) in the

form

20 (x(1)) cos(x (1) {m <%f(;))> +In(l — t)] .

Next, we put in (54): w(t) = 1Vt € (0, 1),

cos(x(1)) )

h(t) = 2U (x(¢)) cos(x()) In ( -

Let S| = i wlh(t,).
=1
Next, we putin (54): w(f) = — In(1 — )Vr € (0, 1),
h(t) = =2U (x(t)) cos(x(¢).

N
Let S, = Z wih(t;). Then, Py =~ (S) + )Xo — X1).

I=1
In the case of i > 0, k < 1 and the square-root limb-darkening
law (K (y) = &/y7), we put in (54): w(t) = (1 — Hivr € (0, 1),

k — sin? x(t)) ¥

h(r) = U(X(t))( T—;

(4.0) (4.0 .
Note that here H;(t) = P, (2t — 1), where P, are Jacobi

1 N 1
polynomials. Then, Py ~ (Xo — X ) > w;h(t).
=1
In the case of i > 0, k = 1 and the square-root limb-darkening
law, we put in (54): w(t) = /1 —tVt € (0, 1),

cos(x(t))
1—1¢

y

o

h(t) = U(x(1)) (

N
Then, Py ~ (Xy — Xy) Z wh(t).
=1

Calculations show that in all cases of the applications of the Gauss
quadrature accuracy of 19 significant decimal digits (corresponding
to 80-bit machine numbers) can be achieved by choosing N to be

14. Value sets of points #; and weights w; corresponding to each of
the considered forms of the function w can be downloaded from the
Internet, along with other materials (see the Conclusion section).

6 CONCLUSION

We have derived the expression for the calculation of the eclips-
ing binary flux and its derivatives. We considered the linear limb-
darkening law, the quadratic limb-darkening law, the logarithmic
limb-darkening law and the square-root limb-darkening law. In
general, the decrease of the flux is given by the expression (9). In
(19)—(21), AL corresponds to uniform brightness and its deriva-
tives; it is expressed in terms of easily computed piecewise-defined
functions of one variable A (equation 3) and Q (equation 4). AL,
corresponds to the linear limb-darkening law, given as a linear com-
bination of AL and AL, (equation 44), where A L, with its deriva-
tives are expressed in terms of incomplete elliptic integrals in equa-
tions (22)—(24). AL, corresponds to the quadratic limb-darkening
law, given as a linear combination of AL, AL and AL, (equation
29), where AL, with its derivatives are given in equations (26)—
(28). AL, corresponds to the logarithmic limb-darkening law and
AL corresponds to the square-root limb-darkening law expressed
by two- and one-parametric integrals. Further, we described how
these integrals can be found numerically by multiple applications
of the Gaussian quadrature formula. It is important that the nodes
for this formula can be found once and reused for the calculations
for different values of parameters. Also, the general integral form
(15)—(17) of the flux component allows us to extend this approach
to other limb-darkening laws.

The algorithm described above was tested by Abubekerov, Gostev
& Cherepashchuk (2010, 2011) and Gostev (2011) for the inter-
pretation of the high-precision polychrome light curves of the bi-
nary system with exoplanets HD 209458 (Brown et al. 2001), HD
189733 (Pont et al. 2007) and monochrome light curves of Kepler-
5b, Kepler-6b and Kepler-7b (Dunham et al. 2010; Koch et al. 2010;
Latham et al. 2010).

The algorithm is implemented in ANSI c in the form of
the functions for the computation of the individual component
AL(S, r) and its derivatives. This implementation is available from
http://Infm1.sai.msu.ru/~ngostev/algorithm.html
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