
���������
	�������������������������������� ����� ����!���#"� ���"%$
&�')(+*-,!.0/213(+45(76+1385(:95(<;%826

M ∼ 0.1− 100 = �.> ;@?A,!')BDCFE3G38)9)851385'
F H BI; /F J G@.)' ∼ 1039. K 8LE38NM�(7G3(2BO'5(<;%P3Q3(+13PR?SM�.)6+67TU95(<;VG38W;%X

J G@.)'5PY9Z.)[3P3P\'58W*]G@.)6-9Z.)(+9_^`9_a H ab95(<;!.L'N[3(<;%85Mdc-;@( H 9)G38513(+eR95G@._;%X513Tf^�.L.W1R95P J G@.)'5PY9Z.)[3P3PS13(6-Bhgi(76-95')B)(+9_akjl13(+45(76+13TmCn9)(-;o6
R > 1000 H M#6+')?R*7XpQ@.)6-95P3[A'p(q,!P3138)(r[3(-;%8)(iE3G385PR6sCD87,!PR9')6-;%(q,!6+9)'5P3P J G@.)'5PR9Z.W[3P385131R8 J 8t')*I.)PRM�8],%(7e36-95'5PR?�a

G ' 6.67 · 10−8 67M
3 u J u 6 2

vOw<x-yZz_{Zw�|+})~��Zw<�+�_���Zz_�b�]w<�Zw-�_�<���_zZ���-z_����yZ���_�<�_z_�Z�����]�+����z����Zw-�-z_�qw<{Zz_�-�_�Z�-�����_�<yZ�

��;@( H 9)G3P3Q3(+6 H 85(iE38Z;%( ��G@.W'5PR9Z.)[3PR85131385(:E38Z;%(

Fqoq = qoq/r2 · (r/r) Fmom = −Gmom r2 · (r/r)

Eq = q/r2 · (r/r) gm = −Gm/r2 · (r/r) q ⇐⇒ −Gm

E =
∑

Ei g =
∑

gi ���_� z_�<z_�+�_�+���<�
∫

E · dS = 4πq
∫

g · dS = −4πGm
v����@w��Iw��7����w

ρq = dq/dV ; divE = 4πρq ρ = dm/dV ; divE = −4πGρ

E = −gradϕ g = −gradϕ

ϕk =
∑

i6=k qi/rik

zIyWz ∫

ρq/r · dV ϕk = −∑i6=k Gmi/rik

zIyWz −G
∫

ρ/r · dV ���_� zZ�<z_�-�Z�+���-�

U = 0.5
∑N

k=1
qkϕk

zIyZz
0.5
∫

ρqϕdV U = 0.5
∑N

k=1
mkϕk

zIyZz
0.5
∫

ρϕdV

∆ϕ = −4πρq ∆ϕ = 4πGρ � �Zw<�+�_���_zZ����w-�IyWw+��w

 0¡£¢O¤b¥b¦`¢O§5¨b¥©§5¥`ªfªf¢h«3¤b¥`¦b¬b!¢¯®`@°`¢
&�. H 8)1£6+8]CRG3.)13(71RPR?NM�.W6767Tf±

dV = 4πr2dr =⇒ dm

dr
= 4πr2ρ

PO;%P dr

dm
=

1

4πr2ρ
. (I.1)

² 8r95(+85G3(+M�(0�Y.IB)6767.R± −4πr2g = −4πGm(r) =⇒

g = 0
'51RBh95GRPN67³:(+G3P3Q3(+6 H 85eL854)8W;%85Q H P�^ (I.2a)

't[3(+1R95GR(´*7'5(+*<,!T
gc = lim

r→0

Gm

r2
= 0, (I.2b)

|



g = −dϕ

dr
=

Gm

r2

E3G3P
0 < r ≤ R. (I.2c)

µ *t¶¸·qaº¹W»]¼�E38W;@BOQ@.)(+M½'5T�G3.W¾r(71RP3(f,3;@?¿E38)9)(713[3P3.Z;!.R±

ϕ(r) = −
∞
∫

r

Gm

r2
dr

?
= −

M
∫

0

Gdm

r
(ϕ∞ ≡ 0 !) (I.3)

Àm8 J ;!.)671R8tÁ�.)4W;kaÃÂ5^3'5T�G3.W¾r(71RP3(�,@;@? J G@.W'5PR9Z.)[3PR85131385e¯c713(+G J PRP�±

U =
1

2

V∗
∫

0

ρϕ dV =
1

2

M
∫

0

ϕ dm
?
= −

M
∫

0

Gm

r
dm < 0. (I.4)

j�G@.)'51R(713P3( J PO,!G3856-9Z.W95PRQ3(76 H 8 J 8¿G@.)'51R85'5(76+PR?�±

dP

dr
= −ρ

Gm

r2
= −ρg = −ρ

dϕ

dr
,

PY;%P dP

dm
= − Gm

4πr4
(I.5)

ERG3P3Q3(+M�^@678 J ;!.W67138L¶�Â5aÄ¹WÅ%¼<±
(

dP

dr

)

r=0

= 0. (I.5a)

Æ ¢O%¤b¢hªfÇÉÈ%¥b¤`¥bÇR°`Ç�Ê > 85M�138I¾Ë.W?É¶¸·qaºÌ)¼�13.
4πr3

P¿P31R9)( J GRP3GRB)?LE38ËQ@.)6+9I?RMÍE38W;3BYQRP3M�±

4πr2P (r)− 3

r
∫

0

P · 4πr2 dr = −
m
∫

0

Gm

r
dm. (I.6a)

Á`8 J ,�.Î,@;@?¿*7'5(+*<,!T�'Ï[3(-;@85M�^@6fBYQR(+958)M P (R) = 0,
¶Ð·qaÃÂ_¼mPF¶Ð·qaÒÑh¼-^3PRM�(7(7M�±

U = −3

M
∫

0

P

ρ
dm. (I.6)

Ó Ç3¤bÇ3¨b«3¢h¤`¬bÔË¢LÈ%¤`¢hªf¢h¬bÇ
K .iE3GRP3M�(7G3(0Àm8W;%1R[@.Ï»+G@.)'51RP3MSCD.)G@. H 95(7GR1385(0')G3(7MÕ?ÖB)6+9Z.)138)'W;%(71RPR? J PO,!G3856-9Z.W95PRQ3(76 H 8 J 8

thyd

P¿95(+EY;%85'58 J 8 tth
G@.)')1385'5(+67PR?£'r*]'5(-*-,!(´6:'5G3(+M�(713(+M½?O,!(+G31385e£c7')8W;%×�[RP3P

tnuc.

M� = 1.99 · 1033 J , R� = 6.96 · 1010 6+M , L� = 3.83 · 1033 c+G J u 6

thyd ∼
R�

Vs
∼ 30

M�P31
; tth ∼

Q

L�

?!∼ | U |
L�

∼ 3 · 107 ;%(-9 ; tnuc ∼
10−3M�c2

L�

∼ 5 · 109 ;%(-9 .
&%,%(767X

Vs

/267G3(q,!1R?R?¯6 H 85GR856+9)Xt*]'WB H .Ë'r*]'5(-*-,!(W^�. Q
/t9)(7EY;%8)'D.W?¯c713(+G J PR?¿*7'5(+*<,!Tfa

Ø Ph,!1383^@QR9)8r,3;@?¿*]'5(-*-,!T�'Ë[3(<;%85M
thyd << tth << tnuc

Ù



² 85c-9585MÕBÏ'51YBO9)G3(71R13(7(f6-95G385(+13P3(�*7'5(+*<,!T©85E3G3(q,!(-;3?3(+9)6�?�^ J ;%.)'513T�M\854)G@.W*]8)M�^hB)6-;%8)'5P3(7M J PO,@ÚGR856+9Z.W9)P3Q3(+6 H 85M©G@.)'51R85'5(76+PR?�^@P¿6+'585e36-95'D.Ë*]'5(-*-,!T�'ËE3(+G3'585MVE3G3P34Z;%PR¾r(+13P3P£M�8_¾t138ËE3851Y?R95X
4)(+*Î.)1@.Z;@PR*I.Ë(7(f95(+G3M�P3Q3(+6 H 85eL6-95GRB H 9WBOG3Tfa

Û %¨�ÇRÜhÇ3«R¢h°`ÝFÇhÞ�¥bÇ3ß%Ç3«3Ô
γ² G3P£._,%P@.)4D.W9)P3Q3(+6 H 85MÍE3GR85[3(76+67(W^!9_aÒ()a@E3GRP S(t) = const :

P (t)

P0

=

[

ρ(t)

ρ0

]γ PY;%P
P = K0ρ

γ , J ,!( K0 = P0/ρ
γ
0 = const, (I.7)

P

TdS = 0 = dE + P d

(

1

ρ

)

=⇒ E =
P

(γ − 1)ρ

c+G J u J (γ > 1 !). (I.8)

² B)6+95X
γ
ÚÕ6+G3(<,%13P3eNER8Ï*7'5(+*<,!( E38 H .Z*I.W9)(-;%Xr.I,!P@.)4D.Z95TfaOÁ�8 J ,�.2¶�àÄ¼�9)(785GR(7M�.0'5PRG3P@.Z;!.ÎE3G3PYÚM�(-92')PO,b±

U = −3(γ − 1)

M
∫

0

E dm = −3(γ − 1)Q. (I.9)

Ø Q@.W6+951R856+9)P�^@,3;@?£8],%138D.W9)85M�138 J 8 J .W*]. γ = 5/3 =⇒ U = −2Q
PY;%P

Q = −U/2. (I.10)

á ¢h%ßYâ!DÞ�¥bªf%¢¯ã�§)°�%È%¥b¢Nã�§5«3%ä`¦b¥`È%!§5«3¥åÜhÈ!¢DÜ)Þ
² B)6+95X

re(m), ρe(m)
P

Pe(m)
/£*].)'5P36+P3M�856+9)Po8W9ÖM�.)676+Tæ6+858)9)'5(+9)6+95'WBY×
giPYCo'5(<;%P3Q3PR1É'

*7'5(+*<,!()^ H 8)9)85G@.W?A13.ZCD87,!PR9)6�?É'Ö67856-958I?313PRP J PO,!G3856-9Z.W95PRQ3(76 H 8 J 8nG@.)')1385'5(+67PR?�a ² B56-95X¿9Z. H ¾r(
γ
/267G3(q,!13P3e¯E38 H .W*I.Z95(-;@Xp._,!P3.)4D.W9)Tf^RCh.)G@. H 95(+G3PR*7BO×
giP3eA67')85e36+9)'D.Ë'5(+g0(76+9)'D.Ï*7'5(+*<,!Tfa
² G3(q,!E38W;@8_¾tP3M�^WQR958f*]')(+*-,!.ËçWè_é@ç)ê<ç)ëré@ìYí7î-ïDé´G3.)6+ð0P3G3PY;!.W67X2¶Ð6�¾Ë.Z;%.)67Xh¼ J 85M�8W;@8 J P3QR(76 H P3M8)45G@.W*785M�^R9_aÒ()a3G@.I,!PRB56 H .W¾r,!85eÖ(7(�9)85Q H P¿BO'5(-;@P3Q3PY;%6�?ñ¶¸BOM�(+13X)ðiPO;%6�?%¼�'r87,!P31@. H 85')85e¿6+95(+E3(-Ú1RP�±
r(m) = ξre(m), J ,!( ξ(m) = const. ò .)6+67M�8)9)G3P3M�6+85'58 H BYER13856+9)X J 85M�8W;@8 J P3QR13TmC J .W*78WÚ')TmCAðr.)G38)'3^ H .W¾Ë,%T�eoPR* H 8)9)85G3TmCACh.)G3. H 95(+G3PR*+B5(+9)6�?å'5(-;%PRQ3P31385e ξ > 0.

Ø 858)4)gi( J 85')85GD?�^c-95P J .W*785'5T�(
ðr.)G3Tó1R(�4)B],%Bh9i13.ZCD87,!PR9)6�?Ö'06+856+9)8I?313P3P J PO,!G38)6+9Z.W9)P3Q3(76 H 8 J 8ÏG@.)'51R85'5(76+PR?�^O138*]. H 851£678]CYG@.)13(+13PR?¯M�.)676+T#,@;@?¿13POC�^ H 8513(+Q3138Ë¾r()^@')T�E38W;%1R?R(+9)6�?�^%E385c-9585MÕB
ρ(m) = ρe(m)/ξ3. (I.11)

² 856 H 8W;%X H BÏPR*7M�(713(+13P3(:G@._,%PRB567.iE3G385P36sC587,!PY;%8Ï._,!P3.)4D.W9)P3Q3(76 H P�^O9_aô(Wa P/Pe = (ρ/ρe)
γ,
958

,3;@?¿BI,%(-;%X51R85e¯c+13(7G J P3P�^%6+8 J ;!.)6+138n¶¸·qaÄõD¼mPF¶Ð·qaÃÂ5Â_¼mPRM�(7(7M

E(m) =
P

(γ − 1)ρ
=

Ee(m)

ξ3γ−3
.

² 8W;@1@.W?¿c71R(7G J PR?¯*7'5(+*<,!T W
M�(71R?R(+956�?¯'r*I.)')P367P3M�8)6+95PN8)9

ξ
6-;%(q,%BO×�g0P3MÍ8545G3.W*]85M�±

W = Q + U =

M
∫

0

E dm−
M
∫

0

Gm

r
dm = Qeξ

3−3γ − ξ−1 | Ue | .

ö



Àm8 J ;!.)671R8L¶�Â5aÄ÷5¼ Ue = (3− 3γ) Qe,
ER85c+9)85MÕB

W =
| Ue |

(3γ − 3)
ξ3−3γ − | Ue |

ξ
=⇒ dW

dξ
=
| Ue |
ξ2

(

1− ξ4−3γ
)

. (I.12)

µ *Ï¶¸·qaøÂI¹5¼�6-;@(<,%B)(+9_^!QR958Ë(76<;%P
γ 6= 4/3,

958Ë³fBO1 H [3PY? W (ξ)
P3M�(7(-9tc H 6+95GR(7MÕBOMÍE3G3P ξ = 1.µ 13T�M�PÉ6-;@85'D.)M�P�^�67G3(q,!PFG@.W6767M�.Z95G3P3'5.)(7M�TmC H 8513³:P J BOG@.)[3P3eoc H 6+9)G3(7MÕBOMùE38Z;%1385eÉc713(+G J PRP6+858)9)'5(+9)6+95'WB5(+9 J PO,!G38)6+9Z.W9)P3Q3(76 H PnG@.)')1385'5(+671385e¿*]')(+*-,%()a%ÁÕ. H¿H . H

(

d2W

dξ2

)

ξ=1

= 3 (γ − 4/3) · | Ue |, (I.13)

9)8tc-958)9tc H 6-95G3(+MÕBYMó?R'W;@?3(-956�?£M�P313PRMÕBYM�8)MÍE3G3P γ > 4/3
P£M�. H 67P3MÕBOM�85MVE3G3P γ < 4/3.² 856 H 8W;%X H B067856-958I?31RPR?�^D6+858)95')(+956-95')BO×
giP3(�M�. H 67P3MÕBOMÕBËc71R(7G J P3P�^5?3'Z;@?3×
956�?Ë13(-B56+9)85e3Q3POÚ')T�M�P�^@PR*2¶Ð·qaÃÂ_¹5¼m6<;%(<,%B)(+9_^�QR958Ë*]'5(-*-,!T�6

γ < 4/3
6+Bhgi(+6+9)'585'D.W9)Xp13(:M�8 J BO9_a

ú�Ç3ªf¢h¦`ÇR¬`¥b¢Aû@Ê j�6-;%8)'5P3(
γ > 4/3

?3'Z;@?3(-956�?Ï13(78)4IC587,!P3M�T�M�^O138Î1R(�,%856+9Z.W9)85Q313T�MñB)6-;%8)'5P3(7M
B)6+9)85e3Q3P3')856+9)PÉ*7'5(+*<,b^�E38)6 H 8W;%X H BNM�TùG@.W6767M�.Z95G3P3'5.Z;%PnB56-9585e3QRP3'5856-95Xp;%PRð0XÖ8)95138)67PR9)(-;%X51R8
87,!1R8 J 83^@6+E3(7[RP@.Z;%X51R8 J 8Ï95P3E@.Ë'58)*7MÕBhgi(71RP3e\¶Ð._,!P@.)45.W95P3QR(76 H PYÚ J 85M�8W;%8 J P3Q313TmC3¼<a
ú�Ç3ªf¢h¦`ÇR¬`¥b¢Éü�Ê ² G3P¿'5T�'587,!( H GRPR95(+G3PR?¯13(+B)6+958)e3Q3P3'58)6+95PNE3G3(<,%E38W;!. J ._;%8567XR^@QR958Ï'5(-;@P3Q3P31@.
γ
8],%P31@. H 85'D.¿'58£'567(<CÉ854W;!.W6+9I?YCÉ*7'5(+*<,!Tfa Ø G3(7.Z;%X5138)eF67PY9)BD.W[3P3Pñ*]')(+*-,!.£95(+GD?3(+9NB56+9)85e3Q3POÚ

')856+9)X3^ H 8 J ,!. γ
6+9Z.)138)'5PR956�?

< 4/3
'¯854W;!.W6+95P\6tM�.)676+85eñ458Z;%(7(¯ÂIýZÚ�¹Wý�þ

M∗.
µ M�(713138Nc+958

8)456+9)8_?Y95(<;%X56+9)'58ËE3G3P3')8],%PR9 HpJ P345(-;@Pt,!856+9Z.Z9585Q31R8rM�.)676+P3'513TmCt*]'5(-*-,¯Pp³:(+1385M�(71YB26+'5(7G5CY138WÚ')TmC�a ² 8)*<,!13(+(Î'5TÿE38)*71@. H 85M�PR9)(767Xt6:E3G3P3Q3PR1@.)M�P�^@E38 H 8)958)G3T�M γ
M�8_¾i(+9t6+9Z.W9)X

< 4/3.

�



� �����������������ÿ���f��������� ��� $���	 ���������
	`���  ��� �����!���� ���	������
	´
ÀmPO;!.Ï'W*I.)P3M�87,!(+e36+9)'5PR?Ö,!')BDC¿E38Z;%85'5P31R8 H ERG387,!8W; J 85'D.W9)8 J 8Ë95(<;!.R±

Fg ∼
G(M/2)2

R2
=

GM2

4R2
.

� BI,%(7M 67Q3PY9Z.W95X3^�QY958\³:85G3M�.o9)(-;!.\13(N6-;%PRð H 85M 8W9];%P3Q@.)(-956�?#8)9\6+³:(7G3P3QR(76 H 85e�^�E385c+9)85MÕB,!.)'W;%(+13P3(´1@. J G@.)1RP3[3(�,!')BDC¿E38W;@85'5P3138 H 9)(-;!.ËP¯( J 8ÏEY;%8)9)13856-95X2ER85GD?O, H .R±

Pg ∼
Fg

4πR2
, ρ ∼ M

4R36+858)9)'5(+9)6+95')(713138Ra
��G@.W'5PR9Z.)[3PR85131385(ÏE3G3PY9I?R¾r(+13P3(26�¾tP3M�.)(-9¯9)(-;%8R^`'5T�*7T�'D.W?É( J 8¿,!(+³:85G3M�.)[3PR×0^k'5(-;@P3Q3P31@.

H 8)9)85G385e¯67')?Y*I.)13.Ë6�,�.W'W;%(71RP3(7Må*I. H 85138)MÍ��B H .Y±

P = E
∆R

R
,

J ,%( E
/29_aô1�a@M�8],@B_;@X��l1 J .Ya² G3PRM�(7M�^DQR9)806�¾Ë.W9)P3(�6-Bhgi(76-95'5(+131383^Y(76<;%P2'5(<;%P3Q3PR1@.Î8)9)13856+PR95(<;%X51385et,%(7³:85G3M�.)[RP3PtERG3(-Ú

')T�ðr.)(-9Î1R(76 H 8W;@X H 8ÎE3GR85[3(71Y9585'3^D6 H .W¾r(7M�^���þpa5Á`8 J ,�. J G@.)'5PR9Z.W[3PR?Ï1@.IQ3P31@.W(+9´P J G3.W95X:*I.)M�(-9WÚ1YBY×dG38Z;%Xt'Ë6<;@BOQ@.)(:95(-;�^3,3;@? H 8)9585GRTmCN')T�E38W;%1R?R(+9)6�?¯B)6-;%85')P3()±

∆R

R
=

Pg

E
∼ GM2

16πER4
∼ GR2ρ2

πE
≥ 0.03,

9_aÒ()aR,@;3?Ö95(-;L6:G@.W*]M�(+G385M

R ≥ 1

ρ

(

0.03πG

G

)1/2

∼ 1 H M ,

J ,%(f,@;3?¿Q3P36-;@(713138)eL85[3(+1 H P£E3G3P31R?Y958 E = 1011
c7G J u 67M 3, ρ = 3 J u 67M 3.

� . H ³:85G3M�. J G@.)'5PY95P3GRBO×
gi( J 8�¶¸13(7')G@.Wgr.W×�gi( J 856�?�àº¼Ë95(-;%.F*I.)'5PR67PR9\8W9ñ( J 8ñG@.W*7M�(7G38)'��> ;@?S8W95'5(-9Z.É1@.nc-958)9o'585E3GR856Ö85[3(+13P3M�^�M�. H 67PRM�.Z;%X51RBO× '5T�6+8)9)B J 85GS1@.nEY;!.)13(-9Z.ZC�a ² B)6+9)XPRM�(7(+9)6�?d¶¸[3PY;3;%PR1O,!G3P3QR(76 H .W?@¼ J 85G@.A'5T�678)9)85e h
6¯M�.)6+»785e

m
PåEY;%8Wgr._,!X)× 856+1385'D.W13PR?

S.Á`8 J ,�.r678W*-,�.)'5.)(7M�85( J 85G385ep,�.)'W;@(713P3(:1@. H 85GRBÖEO;!.)13(-95T

P =
gm

S
= ρgh.

² 87,p,�.W'W;%(71RP3(7M H 85G@.01@.IQ31R(+9i,!(7³:85GRM�P3G385'D.Z95X56�?�^RP J 8)G@.i4)B],!(+9i8567(q,�.W95XRa ² G3P3M�(7M�^YQR958ERG38567(q,�.)13PR( H 8)G3T 6+9Z.)13(-9É6+Bhgi(+6+95')(71313T�M�^ H 8 J ,�.L8W9513856+PR95(<;%X51@.Z?F,!(7³:85G3M�.W[3PR?\(+(p'5(+g0(-Ú6-95'D.
∆l/l

E3GR(7'5T�6+PR9���þpa@Á�8 J ,�.rPR*:*I. H 851@.Ï��B H .ËE38W;3BYQRP3M�±
∆l

l
=

ρgh

E
≤ 0.03 =⇒ h ≤ 0.03E

ρg
,

QY958i,@;@?N&�(7M�;%P�^@1@.)E3G3PRM�(7G�^R,�.)(-9
h ≤ 10 H M�a² 856 H 8W;%X H B g = GM/R2 ∼ 4ρR,

P3M�(7(+M�±
h/R ∝ R−2,

9_aÒ()a�8)95138)67PR9)(-;%X51RT�eÿG@.Z*]M�(7G
1R(7G385')13856+9)(7e¯45T�6+9)G38tBO45T�'D.W(+9t6:BO'5(<;%P3Q3(+13P3(+MóG@.W*]M�(+G385'ËEY;!.W13(+9_a

�



���������
	�����������	`���������\�ÿ"� ���"%$��
 ¬`«R¢"!W¤`ÇY°�Ý%¬bÔÏ¢L§5!%«3¬b$#o¢h¬b¥&%ñÞ�°'%V®b%°`¥b«3¤`%®b¬`ÔrâåÜhÈ%¢hÜ)Þ

( E3E3G38 H 6+P3M�P3GRB)(7MlGR(].Z;%X)1RBO× *I.)'5PR67P3M�856-95X*)
(ρ)

'_,!8W;%XLG3._,!PRB)6].n*]'5(-*-,!T 6+9)(7E3(+131385e�^Õ9_aÒ()a
ERG3(<,!ER8W;%8I¾2PRM�^@QR958

P (r) = K · [ρ(r)]1+1/n PY;%P
log P =

(

1 +
1

n

)

log ρ + const. (II.1)

-8 -6 -4 -2 0 2

5

10

15

+%zZ�-,O|-} � �_�Z�_�-�I��zW�@w<{_zI��zZ���-z_�_�_�/.10sw<�+zZ��zZ�3�7���<z P (ρ) � y_�f~��-yZ�_{Zw12 �Z�7�Z�_�<z_�_�Wwq��yZz_�_zI�43�0sw<�]�-�Z�+��265758,ô|93�
n ' 2.5

2ø���IyZ�/:��Zw<�
yZz_�ZzI�438,Zv��_���]���<yW�-�_z_�]�7�Ï�+�-�3���_���Zwm�<�-�Z�]w<;I���7�+�<�-�Z�=.
m = 0.99 M�, r = 0.80 R�.

Á`8 J ,�. ρ−1 d P = (n + 1) d(P/ρ),
P£PR*2¶Ð·qaÄÌ5¼m6fBYQR(+958)M

ρ(R) = 0
P

n > 0,
6-;@(<,%B)(+93±

ϕ(r) = −GM

R
− (n + 1)

P (r)

ρ(r)
. (II.2)

À©E385M�8)g0X5× ¶Ð·qa?>D¼mPF¶Ð·s·qaÄ¹5¼m'5T�G3.W¾r(71RP3(�,@;@?
U
E3G3PRM�(+9t'5PO,b±

U =
1

2

M
∫

0

ϕdm = −GM2

2R
+

n + 1

6
U.

µ *´c+9)8 J 8ÏG3( H BOG3(71R9)138 J 8p67858W95138)ð0(713PY?LE38W;3BYQ3.)(7M�±

U = − 3

5− n

GM2

R
< 0 =⇒ n ≤ 5. (II.3)

µ *V¶¸·s·qa?�D¼-^�'SQ@.W6+951R856+9)P�^�6<;%(<,@B5(+9_^
QR9)8VPR*78)95(+G3M�P3Q3(+6 H PR(o*]')(+*-,%T PR*APO,!(7.Z;%X51R8 J 8 J .W*I.
(P = ρ<T/µ)

13(:M�8 J Bh926-BOg0(76-95'585'5.W95X3^%9_a H aY,@;@?£13PYC n =∞.µ *t¶¸·qaÄ÷D¼�6<;%(<,%B)(+9_^!QR958Ë95(+EY;%85'5.W?£c713(+G J PR?¯E38W;@PR95G38)E31385e£*]'5(-*-,!Tf±

Q ≡
∫ M

0

E dm =
1

(γ − 1)(5− n)

GM2

R
> 0 (γ > 1 !). (II.4)

² 8W;@1@.W?¿c71R(7G J PR?NER8W;%PR9)G385E3138)e£*7'5(+*<,!Tf±

W ≡ U + Q =
(4− 3γ)

(γ − 1)(5− n)

GM2

R
< 0 (γ >

4

3
!) (II.5)

@



 Î«3¤kã�¨`«Yã�¤`ÇA®b@°�¥b«3¤b!®b¬bÔËâåÜhÈ%¢DÜ)Þ
ACB

n = 0 :
13(76�¾tP3M�.)(+M�.W?¿¾2Ph, H 856+9)X ρ(r) = const

mr =
4

3
πρcr

3; P (r) = Pc −
2

3
πGρcr

2; (II.6)

D B
0 < n ≤ 5

E�458W*]1@.IQ3P3M�±

ρ/ρc = θn,
P

r = αξ, J ,!( α =

[

(n + 1) Kρ
(1−n)/n
c

4πG

]1/2

= const. (II.7)

Á`8 J ,�.rPR*2¶Ð·qaÃÂ_¼<^b¶Ð·qaÄÌ5¼mPñ¶¸·s·qaÃÂ_¼mE38W;3BYQRP3Må,@;@?¿³fBO1 H [RP3P θ(ξ)
BYG3.)'513(+13P3(0�mM`,!(71@.Y±

1

ξ2

d

dξ

(

ξ2 dθ

dξ

)

+ θn = 0,
PY;%P

θ′′ +
2

ξ
θ′ + θn = 0, (II.8a)

6:1@.IQ@._;%X513T�M�P¿B56<;%85'5PR?RM�P�±GF

θ = 1,
dθ

dξ
= 0

E3G3P
ξ = 0. (II.8b)

ò (+ð0(713P3(ÎPRgi(-956�?N'ÏPR1R95(+G3'D.Z;%( 0 ≤ ξ ≤ ξn, J ,!( ξn

/2*]1@.IQ3(+13P3(
ξ,
ERG3P H 8)9)85G385M θ(ξ) = 0.

H §)°�¥JIKLû$L�«3
θ = sin ξ/ξ =⇒ ξ1 = π.

H §)°�¥JIK�MNL�«3
θ = (1 + ξ2/3)

−1/2
=⇒ ξ5 = ∞.

² G3P¿,!GRB J PYC n
BOG@.)'51R(713P3(Ö¶Ð·s·qaôõPOD¼ P31R9)( J GRP3GRB5(-956�?FQ3P36-;@(713138RaNQ�958545TdPR*745(+¾r.W95XÖ6+P31 J BDÚ;3?3G3138)6+95PÖERG3P

ξ = 0,
P31Y95( J G3P3G38)'D.W95XË1@.IQ3PR1@.)×�9i13(�6�ýY^R.´6�13( H 8W9585G38 J 8ËM�.Z;%8 J 8Î*71@.IQ3(713PY?

ξ,
BOQ3PR9)T�'D.W?�^%QR9)8tERG3P

ξ � 1
67ERG@.)'5(q,@;%P3'58ÏG@.W*-;%8I¾r(71RP3()±

θ ' 1− ξ2

6
+

nξ4

120
− ... (II.8c)

E�458W*]1@.IQ3P3M�±

ηn ≡
ξn
∫

0

θnξ2dξ
?
= − ξ2

n ·
(

dθ

dξ

)

ξ=ξn

,
9Z. H QR958 M =

R
∫

0

4πρr2dr = 4πρcα
3ηn.

RTS 6-;%P
P = Kρ1+1/n,

9583^�6+8 J ;!.)6+138�¶Ð·qaÄÌUOD¼-^ (dρ/dr)r=0 = ρc/Pc (dP/dr)r=0 = 0. K 8
dθ/dξ = α/n θ1−n · dρ/dr,

8W9 H B],�.ËP¯ER8W;@BOQ@.)(-956�?L'W9585GR85(:1@.IQ@.Z;%X51R85(fB56-;@85'5P3(Wa

V
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W$X<Y=Z4[]\P^`_-acbedc_-bea<fhgci=j<Xc_-a<i=gckclGm�npo=qrn8s�Ya<f-nrkclutvX1npk<f9wcqrkcX]x<tvX
n.

y'zP{r|`}

R = ξn ·
[

(n + 1) K

4πG

]1/2

· ρ(1−n)/2n
c , (II.9a)

M =
ηn√
4π

[

(n + 1)K

G

]3/2

· ρ(3−n)/2n
c . (II.9b)

~��/���$�1�v}4�������/�P�"����zPzU�U�vzU�����v�v�
ρc � z<���"�v�v���$���Pz �v� ��|`}U���vzP� n

R ∝ M(1−n)/(3−n). (II.10)

�"f=�-j<X<�<f�[]\<��f=a<f=tvqr_-acl�g<i-j<Xc_=aci=gck<lGm�tvi s4q¡j4qp¢
£ ξn ηn ρc/ρ̄ fn¤ []Z ¥�¦ ¥4Z § ¤ ¨ Z ¤/¤ []Z ©=©
¨ Z ¤ ª Z ¨ ¥ ª Z ¨ ¥ ª Z [=§ ¥<Z«[-§
¨ Z«¦ ª Z ¬/¦ [cZ« ¨ ¦cZ §/§ ¥<Z ©=¬
[]Z ¤ ¥<Z ª ¦ [cZ ¥ ¨ ¨/¨ Z ¥ ¦]Z ª §
ª Z ¤ ¬cZ § ¤ [cZ ¤ [ ¦-¥<Z«[ ¬cZ ª §
¥<Z ¤ ¨ ¦cZ ¤ ¨ Z © ¤ ¬�[=[ eZ ª §
¦]Z ¤ ∞ ¨ Z« ª ∞ ©cZ ¬/¦

~��¯®T° °²±?³µ´���y}U¶4�N±¸·��=�$�²|$�P�=�c�����Pz¹��zP{r|º}
n = 1, �v� �»�$��¶PzP� ρc

�e¼U�/�=|º}¹�v�����=�¯z�|º�v�����UzU�¯½¯�
� }c|º���U��¾ n=1 = (πK/2G)1/2,

}¯��zP{r|`}
n = 3 ¿ z�|º���À���U��½¯����}U�/�/� ��� �C¼U���=� ρc :

Mn=3 ' 1.29

(

K

G

)3/2

. (II.11)

Á��-�$�ÂzP¶UzU�e��}]�v���PÃÄ�v� � �=� ρ̄
� � �-|º�v��� � �$zU�P��zP�/�UÃ»�e¼U�/�=|$Å��$�Uz»����®Æ° °²±?³µ´Ç�=���-|$�U�/�c�����Pz

ρc = ρ̄ · ξ3
n

3ηn

, ρ̄ =
3M

4πR3
. (II.12)

È �U�vzU�¹�/�v�v�
ρc/ρ̄ �v� �v¼U�-|º�/�vz�¼Éy}4¶4�u±Ê·�±

©



ËÎÈ%@°ÍÌ�Îb¥u%ÏÎb¢h¬`«3¤bÇR°`Ý%¬`ÔrâV!ß@°`Ç@§5«3¢häó®b%°`¥b«3¤`%®b¬`ÔrâåÜhÈ%¢hÜ)Þ
S 6<;%P´,�.)'Z;%(713PR(�'�[3(+1R95G3(�*]'5(-*-,!Tå85E3G3(q,!(-;3?3(+9)6�?Ë13(7')T�G38I¾Ë,!(+1313T�M J .W*785M�^W9_aÒ()aW(76-;@P Pc =

ρc<Tc/µc,
958ÖPR*£¶¸·s·qaÃÂ_¼�På¶¸·s·qaô÷D¼
E38Z;@BOQ@.)(+9)6�?É6-;%(q,%BO×�gi(+(Ë'5T�G@.W¾r(+13P3(Î,@;3?L95(+M�E3(7G@.Z9)BOG3Tl'

[R(71R9)G3(Î*7'5(+*<,!Tf±
Tc =

µc

< ·
ξn

(n + 1) ηn
· GM

R
. (II.13)

² 87,!6-9Z.)'W;@?Y?½E@.WG@.)M�(+9)G3T Àm8W;%13[3.n,@;@?
n = 3

P
µc = 0.62

¶¸67M�a�13PR¾i(I¼rE38W;@BOQ3P3M
T�

c '
1.2 · 107 Ð ^@QR9)8t'56+( J 8t1@.É�5ý�þ M�(713X)ð0(ÎPR6+95PR13138 J 8t*]13._QR(713PR?�a
² 8rE38)Gh?h, H B2'5(-;%PRQ3P313Tÿ67858)9)138)ð0(713P3(2¶Ð·�·qaøÂe�D¼�M�8I¾21R8rE38W;@BOQ3PR9)X3^3*I.WM�(713P3'Ë'iBOG@.)')13(713PRP

J PO,!G38)6+9Z.W9)P3Q3(76 H 8 J 8pG3.)'51385')(767PY?É¶Ð·qaÄÌ5¼ÒÑ P u Ñ r 1@. Pc/R
P

ρGm/r2
1@.

ρc GM/R2,
QR9)8i,!.)6+9

¶¸·s·qaÃÂ]�D¼m45(-*´M�138I¾2PR9)(-;%(+e�^@*I.)')M�6�?RgiPOC£8)9
n.µ 6 H ;%×�Q3.W? R

PR*Ï¶¸·s·qaÃÂ_¹5¼�PÉ¶¸·s·qaÃÂ]�D¼�13.ZCD87,!P3M�^RQR958Î,@;3?p*]')(+*-,%T©,�.)1R1385eÖM�.)6+67T#PR*]M�(+13(713PR(
9)(7M�E3(+G@.W9WBYGRT P£EY;%8W9513856-95P¯'t[3(+1R95GR(Î6+')?R*].)13T�6+858)9)138)ði(+13P3(+M�±

Tc =
(4π)1/3G

<fn
· µc ρ1/3

c M2/3 ' 3 · 106 ρ1/3
c

(

M

M�

)2/3

, (II.14)

J ,%( fn = (n + 1) η
2/3
n

/AM�138I¾2PR9)(-;%XR^�'5(<;%P3Q3P313. H 8)9)85G38 J 8nM�(71R?R(+9)6�?V')67( J 8n'A¹¯G@.Z*I.LE3G3P
1 ≤ n ≤ 5

/267M�a@Á�.)4W;kaÄ¹Ya > ;@?¿Q3PR6-;%(+131385e¯85[3(71 H PNE3GRP31R?R9)8 fn = 6.2, µc = 0.6.

0 3 6
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9
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W$X<Y-Z ª \$Ónrtvqrkcqpk<Xcq�g<f-a<f/tvqp_-a<i=o�o��<qpkc_-a<q�gci-j<X<_-aci=g<kclGmÄkcqro=lNaci9ÔÇs4qrkckclGmÉnpo/qpn¡s�a<f=npkci/¢»t�f/YpY¡l�Z$��acqpÕ
b�Öri-j<×/kcXcdei/tÉgci=d]f-n f-kcl�g<f-a<f/tvqp_-a<lCoh�cqrkc_-acqÇ^`i=j<kc�<f<ØcY¡i/i=_-o/qp_=Yp_-o=beÙ&ÚÒXcqÍ_ Z k�ZUY¡_²f-kesPf-ac_-k<i=¢�tvi s4q¡j<X"Z

§



�����������ÜÛ 1ÝÍ���� ����������ÿ�����`	`��	����
	 "� ���"%$f�������  ��NÞæ���`	` ��
ßáà �����`	'âäã! å�\���������¹ãæ	`�NçC��������	'èm�

² G3(q,!E38W;%. J .)(7MV1@.Z;%PRQ3P3(�;%8 H .Z;%X)138 J 8r9)(7G3M�87,!P313.)M�P3Q3(+6 H 8 J 82G@.)'5138)'5(76+PR?o¶Æé´Á ò ¼�'Ë13(<,!G3.ZC*7'5(+*<,bàÃàøà
êrßºëÉ¥b¢L§5%%«3¬`$#É¢h¬`¥u%åªf¢�ìÉÞÕãå«3¢h¤bªfhÞÕ¥`¬bÇ3ªf¥b¦`¢O§5¨b¥`ªf¥©®b¤`%¥kÜhÈ!DÞ�¬bÔËªf¥

K1 ≡
(

∂P

∂T

)

ρ

, K2 ≡
(

∂P

∂ρ

)

T

, CV =

(

∂E

∂T

)

ρ

, CP = CV +
T

ρ2
· K

2
1

K2

. (III.1)

γ ≡
(

∂ ln P

∂ ln ρ

)

S

=
CP

CV

·
(

∂ ln P

∂ ln ρ

)

T

=
ρ

P
·K1 +

T

Pρ
· K

2
2

CV

. (III.2)

∇ad ≡
(

∂ ln T

∂ ln P

)

S

=
K1

γ ρ CV
. (III.3)

 ÞÕ¢hÇR°�Ý%¬bÔËäí!IÇYÜ

Pi = ni kT, ρ · Ei = ni ·
(

3

2
kT + εi

)

, P = ΣPi, E = Σ Ei (III.4)

µit = kT · ln
[

ni

gi

(

h2

2πmikT

)3/2
]

+ εi,
c7G J a (III.5)

î °'%VÈ%hÞÕ%¤`DÞ�¬b%äó®b°`ÇRÜhªfÔÀï
ε1 = εe = 0, ε0 = −χH , g1 = ge = g0 = 2,

n1 = ne, ρ = mH · (n0 + n1),

P = (n0 + n1 + ne)kT, ρ · E =
3

2
(n0 + n1 + ne)kT − n0χH , =⇒

P =
ρ<T

µ
, J ,!( µ =

n0 + n1

n0 + 2n1

P < ≡ k

mH
' 8.31 · 107 c7G J u J u Ð

Àm8 J ;!.)671R8ÄéÎ.)1O,!.IB)^vé´P3')ðiPR[£9_añð § 101,
,3;@?óò<CYP3M�P3Q3(+6 H 85euòFG3(7. H [3PRP

n1 A1 + n2 A2 + ... ←→ m1 B1 + m2 B2 + ...

ERG3P�é´Á ò ')T�E38W;%1R?R(+9)6�?NB56<;%85'5PR()±

n1 · µtA1
+ n2 · µtA2

+ ... = m1 · µtB1
+ m2 · µtB2

+ ... (III.6)

Ø Q@.)6+9)13856-95P�^D,@;@?pGR(]. H [RP3P p+ e←→ H
P3M�(7(+M�±

µ1t +µet = µtH =⇒ ã�¤bÇ3È%¬b¢O¬b¥b¢A ÎÇRâ!Ç ±

nen1

n0

= 4

(

2πmekT

h2

)3/2

exp
(

−χH

kT

)

. (III.7)

| ô



S 6<;%P�854)8)*]1@.IQ3PY95X3±
x ≡ n1/(n0 + n1),

9Z. H QR958 0 ≤ x ≤ 1, B ≡ 1.5 + χH/kT
P

φ(x) ≡ x(1− x)/(2− x)/(1 + x),
9)8

µ =
1

1 + x
, γ =

5

3
− 4φ

3

(χH/kT )2

3 + 2B2φ
, ∇ad =

2

5
·
[

1 +
2φ

5
· χH

kT
· 1 + B

1 + Bφ

]−1

.

Á�. HËH . H φ ≥ 0, B > 0,
E38Z;@BOQ@.)(7M�^DQY958´':*78513(�13(+E38W;%1R85etPR8513PR*].)[3P3P

γ < 5/3, ∇ad < 0.4.

õ$ö<÷-ø9ù4ú û�ü9ýcþ ÷¡ÿ��/þ��������
	�ü��4ü��cÿ-þ��ö���vþ�cþ��<ö��������eü��rü=ÿ-þ�����ü��4ö<ü���ü-ÿ��
γ
���������������4þ����cö�ö����vþ��cþ�cöcöÒ÷pÿ-þ��cþ�cö

ö����cö��rü� <öcö
x ≡ n1/(n1 + n0).

!#"�$�%'&
Xρ ( Y ρ ) Zρ *,+.- $�$ -0/1(2/435) %�687:9�;=<?>A@�;=9 + 9CB2%�D'EFEG$ + 3. HI-�JLKL)2+ 9 KM( E:NID�%�DPO$�NI9 K 9RQ�SUTWVXDP;=BLY - X = 0.70, Y = 0.27, Z = 0.03. (Ā ' 16).

Z�ü����<ö� <ü\[cúP]ö<÷^���Çý<ü/÷¡ÿ-ö� #���<ö_������������ö����cö�� ü� cö<ö` �<þ��vþ��cÿ a acb Zd��eÇþ����Nþ.f��<þ�vþ�cÿ��
]ö<÷^���?�g�4þ�

X(ρ/mp) Y (ρ/4mp) Z(ρ/Amp)]ö<÷^���
e− X(ρ/mp) 2Y (ρ/4mp) A/2 · (Zρ/Amp)

P =

(

2X +
3

4
Y +

Z

2

)

ρ

mp
kT =

ρ<T

µ
=⇒ (III.8a)

µ =
1

2X + 0.75Y + 0.5Z
* $ K 9�h=BL9C91i ) $�;�DFB2"kj8;�D'BLD'E,B - i - $�% ) Y2" . (III.8b)

lmi - $�%'BLD�$�% )n( E0NID�%'D�$CNI9 K 9oVXDP;=B2Y - µ ' 0.62.

p?qrjMq
X + Y + Z = 1,

%'D
P = (0.75 + 1.25X − 0.25Z) ρ<T. (III.9)

ne =
ρ

mp
(X + 0.5Y + 0.5Z) =⇒

ne =
ρ

µe mp

, s ht9 µe =
2

1 + X

O�$ K 9�htBL9C9ui ) $�;=D,B2"kj8;=D'BLD�EFB - @�;�9Cj2% K D'BMq (III.10)

v�v



w ¢h¤`¬b%«3¢D°�Ý%¬b%¢L¥bÜD°bã�¦b¢h¬`¥b¢
Ø 1RBh95G3P£*]'5(-*-,L'567( J ,�. Erad/c

2 � ρ,
9_aô(Wa!EO;%8)951R856+9)X2854)B)6-;%8)'W;%(713.Ï'5(-gi(+6+95')85M�a

Pr =
a

3
T 4, Er =

aT 4

ρ
, a =

8π5k4

15h3c3
' 7.55 · 10−15

c+G J67M
3 Ð 4 . (III.11)

Sr =
4aT 3

3ρ
, µrt = 0. (III.12)

² B)6+95X
β = Pgas/(Pgas + Pr).

Á`8 J ,�.r'513(f*]8)1¯P38)13PR*I.W[3P3P (µ = const) :

γ = β +
2

3

(4− 3β)2

8− 7β
, =⇒ γ(1) = 5/3, γ(0) = 4/3. (III.13)

CV =
3P

2ρT
(8− 7β), =⇒ CV (1) =

3

2

<
µ

, CV (0) =
12aT 3

ρ
.

∇ad =
2 (4− 3β)

32− 24β − 3β2
=⇒ ∇ad(1) = 2/5, ∇ad(0) = 1/4.

j�6<;%85'5PR×
Pg = Pr,

9_aô(Wa
β = 0.5

¶ÐERG3P
µ = 1)

67858W95'5(-956+9)')B5(-9 J G@.W13P3[@.¿±

lg T = 7.50 +
1

3
lg ρ. (III.14)

Qf(+MV458Z;%X)ði(:M�.)6+6].r*]'5(-*-,!Tf^@9)(7MÍ458Z;%X)ði(:'5(<;%P3Q3PR1@.
Pr/P

'Ï(7(:[3(71Y95G3(Wa

vOw<x-yZz_{Zw � }Cx�w<�<yW���_z_�Õzc0�yZ�]�_���ZzI����{_���_�<�_��0��-�r0 �Iy �kzA�
{}|Íôc, V zI~�|Íô<, ô ö
M/M� Tc, 107K ρc,

���q��� 3 Pr/P
~�����yZ�Iw

| |=, � � ô
< 0.001

5��P��158,Ê;�������| �]V ; @+Ù � ;5| � @ V
� Ù , V |�� ôc, ô Ù 5�������58,?;P�c����| � ö ; � � ö ;)| � @/@| � ö , Ù � , ö ôc,Ä|rô ~'�����������c���g�'�<,Ê;����^���W������������, Ù+Ù ; ö+Ù V ;5| �eV Ù
@ ô ö , � Ù , ô ôc, ö=@ ~'�����������c���g�'�<,Ê;����^���W������������, Ù+Ù ; ö+Ù V ;5| �eV Ù| ö ô � , ö |=, ö ôc, �-Ù ���P�������������u58,Ê;����}� � ; ö/�/� ;5| �eV ô
Á`(7EY;@85'D.W?Öc+13(7G J PR?£*]'5(-*-,b^%6+856+9)8_?YgiPYC¯PR*´13(+'5T�G38I¾r,!(7131R8 J 8 J .W*I.Ë(76-95X

Q =

M
∫

0

(

3<T

2µ
+ 3

Pr

ρ

)

dm.

µ *:95(+85G3(+M�T�'5P3G3P3.Z;!.

U = −3

M
∫

0

P

ρ
dm = −

M
∫

0

(

3
<T

µ
+ 3

Pr

ρ

)

dm.

² 85c-9585MÕB¿ER8W;%1@.W?¿c+13(7G J PR?£*]'5(-*-,!T

Etot = Q + U = −
M
∫

0

3<T

2µ
dm =

1

2
β̄U,

9_aÒ()a%*]')(+*-,!. J G@.W'5PR9Z.)[3PR8513138p6+')?R*].)1@.R^@1R82c+9Z.t67')?Y*]X28)E3G3(<,%(-;@?R(+956�?¯;%PRðiX2'5(+g0(76+9)'585MV/Öc+9586<;%(<,%6+95')P3(ÎB)6-;%85')PR?
Erad/c

2 � ρ.

| Ù



êËß%¤`ÇRÜh%È%Ç3¬b¥`¢ �5°`¢h¨`«R¤`%¬�¡�®b@Üh¥`«3¤b%¬`¬bÔrâ½®bÇ3¤
� 8 J ,!.0¢ÿ6+9Z.)1R85'5PR9)6�? ∼ mec

2/k ' 6 · 109 Ð ^3'58)*7M�8I¾r(71£E3G385[R(7676 γ ←→ e− + e+.j�G@.)'51R(713P3(:c<;%( H 9)G38513(+eR95G3.Z;%X5138)6+95PAE3GRP313P3M�.)(-92')PO,b±
ρ

mpµe
= n− − n+. (III.15)

S 6<;%P
β � 1

P
T ≥ 6 · 109 Ð ^R958 n− ' n+

P

Pr+p =

(

1

3
+

11

12

)

aT 4; Er+p =

(

1 +
7

4

)

aT 4

ρ
; (III.16)

¶¸67M�avéÎ.)1O,!.IB)^vé´P3')ðiPR[£9_añði^ § ÂIýDÌ8£RP�é´( H [3P3×dÑt1RPR¾r()aÄ¼
² G3PrGR8_¾r,!(+13P3PrE@.)G

γ
6-9Z.)1385'5PY956�?

< 4/3,
E385c+9)85MÕBi1R(7'58)*7M�8I¾2138�6+Bhgi(+6+95')85'D.)13PR(�6+'5(7G5ChÚ

M�.W6767PR'513TmC
(M ∼ 106 M�)

*7'5(+*<,ba

| ö



�����������¥¤
1ÝÍ���� ����������ÿ�����`	`��	����
	 "� ���"%$f�������  ��NÞæ���`	` ��
ßáà �����`	'âäã%����"����
�¯ãæ	`�NçC��������	&è��
¦ ÔË¤`"ìoÞÕ¢O¬b¥b¢§�5°�¢h¨b«3¤b!¬b¬bº!Wó!IÇRÜhÇ

² B)6+95X
fe = fe(ε)

/0'5(7GR8_?Y95138)6+95XÎ85451@.WGRBh¾2PR9)XÎc<;%( H 95G3851t'f?3Q3(+e H (�³´.W*785'58 J 8´ERG3856+9)G@.)1YÚ6-95'D.Ë6:c713(+G J PR(7e ε.

S 6<;%P¨¢
= 0,

958
fe = 1

E3G3P
ε < εmax ≡ EF ,

P
fe = 0

E3G3P
ε > EF .Ø c+9)85Mn6-;@BOQ@.W(�Q3P36<;%8�c-;@( H 9)G3851385'fG3.)'5138�Q3P36-;3B0c+13(7G J (+9)P3Q3(76 H PYCÏ6+856+9)8_?R13P3er'�c-;%(+M�(71R9)(³´.W*785'58 J 8ËE3G3856-95G@.)1R6+95'5.R±

nedV =
2

h3
dpxdpydpz dV =

2

h3
4πp2 dp dV. =⇒

ne =

pF
∫

0

2

h3
4πp2dp =

8π

3h3
p3

F =⇒ pF '
(

1.03ρ

106µe

)1/3

mec.

Pe =

pF
∫

0

pxvx
2

h3
4πp2dp, ρ · Ee =

pF
∫

0

ε
2

h3
4πp2dp,

J ,%( p = mev (1− v2/c2)
−1/2 P

ε = (p2c2 + m2
ec

4)
1/2

,
E3GRP3Q3(7M

pxvx = pv/3.
S 6<;%P

v = p/me

P
ε = p2/2me

¶Ð13(+G3(-;@?Y95P3')P36+9)6 H P3e J .Z*_¼-^@9)8

P nonr
e =

8π

15meh3
p5

F = 9.9 · 1012

(

ρ

µe

)5/3

, Enonr
e =

3

2

Pe

ρ
.
¶Ð45(-*ÎM�.W6767TÿE38 H 8I?�àÄ¼

S 6<;%P
v ' c

P
ε = pc

¶¸BI;%XI9)G@.)G3(<;@?R9)P3'5P36-956 H P3e J .W*_¼<^3958

P rel
e =

2πc

3h3
p4

F = 1.2 · 1015

(

ρ

µe

)4/3

, Erel
e = 3

P rel
e

ρ
.

P nonr
e = P rel

e

E3G3P
ρ/µe ' 106 J u 6+M 3.² 87,!6-9Z.)'W;@?Y?¯'¯¶¸·s·qaÃÂ5Â_¼mE38W;3BYQRP3MÍE3G3(q,!(-;@X51RBO×æM�.W676+B¿4)(-;%8 J 8 H .WGY;%P H .L¶ �h� ¼-±

MCh =
5.75

µ2
e

M�.

> ;@?ª©¬«)^®óP§¯
µe = 2 −→MCh = 1.44 M�.

> ;@?¨°�«
µe = 56/26 −→MFe

Ch = 1.24 M�.µ *t¶¸·s·qaô÷D¼�6-;%(q,%B5(-9_^�QR9)8tERG3P
lg ρc � 7

,@;@?ÖCD8W;@8],%13TmC �h�

M ∝ √ρc , R ∝ 1/ρ1/6
c .

| �



² G3P±¢
> 0

6+G3(<,!1R(7(´Q3P36-;@8Ï*].)E38W;%1R(713PR?£?3QR(7( H ³´.W*]8)'58 J 8ËE3GR856+9)G@.)136-95'D.

fe =

[

1 + exp

(

ε− µt

kT

)]−1

.

Á�8 J ,!. ne =
8π

h3

∞
∫

0

fep
2dp, Pe =

8π

h3

∞
∫

0

fepvp2dp, Ee =
8π

ρh3

∞
∫

0

feεp
2dp.

Á�. HFH . H ne ≡ ρ/mpµe = F1(T, µt), Pe = F2(T, µt),
958nM�T P3M�(7(+MdE@.)G@.)M�(-95G3PRQ3(76 H 8)(*]._,�.)1RP3(fBYG3.)'513(+13PR?¯67856-958I?313PY?

Pe = F (ρ/µe, T ).

Ø T�G38I¾r,!(713PR(Î1@.W6+9)BOE@.W(+9_^ H 8 J ,�.,¢ÿ6+9Z.)1R85'5PR9)6�? ≤ TF = p2
F/2mek.

> ;@?¿c<;%( H 95G3851R85' TF ' 3 · 105

(

ρ

µe

)2/3

K =⇒ 'ÏM�(+9Z.Z;3;%.ZCª«-Ú J .W*´'5T�G38I¾Ë,%(71�à

> ;@?£E3G38)9)851385'ÏP¿13(7eR9)G385138)'
TF ' 1.6 · 103ρ2/3 K =⇒ 'r*]'5(-*-,�._Cª²YÚ J .W*´13(:'5T�GR8_¾r,!(+1�à

Û ¤`¥bªf¢h¤dû@Ê Ø 13(7G3(<;@?R9)P3'5P36-956 H 8)M#ERG3(<,!(<;%(´E3G3P T/TF � 1 :

Pe ' 9.9 · 1012

(

ρ

µe

)5/3
[

1 +
5π2

12

(

T

TF

)2
]

, Se ' CV ' CP ' π2 <
µe

(

T

TF

)

.

Û ¤`¥bªf¢h¤#ü�Ê ò .W6767M�8W95G3P3Mó6+PR9)B5.)[3P3×ù,!85M�P31RP3G385'D.W13PR?
e+ − e−

E3.)G�a
² G3P�é´Á ò µ+ + µ− = µγ = 0,

9_aÒ()a
µ+ = −µ−.

S 6<;%P
n− ' n+,

958
∞
∫

0

[

1 + exp

(

ε− µ

kT

)]−1

p2dp =

∞
∫

0

[

1 + exp

(

ε + µ

kT

)]−1

p2dp; =⇒ µ = 0 !

Á`8 J ,�. (ε = pc, v = c)

Pp = P− + P+ ' 2 P− '
16πc2

meh3

∞
∫

0

[

1 + exp
( pc

kT

)]−1

p3dp ∝ T4

∞
∫

0

x3dx

1 + exp (x)
.

( 1@.Z;%8 J P3Q31R8tE38 H .Z*]T�'D.)(-956�?�^�QR9)8 Ep ∝ T 4
/267M�ab¶Ð·�·s·qaÃÂ]>D¼<a

Û ¤`¥bªf¢h¤´³�Ê ² 85Q3(+MÕB¿6+Bhgi(+6+95'WBY×
9Ö13(+eR95G38)1313T�(Î*7'5(+*<,!T �
Àm')854587,!13T�e�1R(7eR9)G3851ùG@.)6+E@._,�.W(+956�?

n −→ p + e− + ν̃
6

t1/2 ' 15
M�PR1�a K 8 H 8 J ,�.

EF > (mn − mp)c
2 ' 1.3 µ c Ø ^�958S1385')85MÕBÍc<;%( H 9)G3851RB©1R(+9åM�(76-9Z.Ra > ;@?©G3(-;3?R95PR'5P36+9ZÚ6 H PYCFc-;%( H 95GR851385' EF = pF c ' 5.1 · 10−3(ρ/µe)

1/3 µ c Ø a =⇒ ² G3P
ρ/µe > 2 · 107 J u 67M 31R(7eR9)G38513TùG@.W67E@._,!.W95X56�?£13(:M�8 J Bh9_a

| �



¦ °`¥&%�¬`¥b¢L¨kãR°`!¬b%È!§5¨�$!)ñÈ@ÜhÇ3¥bªfhÞÕ¢hä�§5«3È%¥u%½¬bÇAã�¤`ÇRÈ!¬b¢h¬`¥b¢A§5!§5«3�%�¬`¥u%
¶ ÇRÜ¯¬b¢Oäb«3¤bÇR°`Ý!¬bÔrâÍ¦bÇ@§5«3¥&Î

Ø 80'513(-ði13POCÖ85458Z;%85Q H .ZCËCD8Z;%87,!13TmCp*7'5(+*<,¯PÖEY;!.)1R(+9rE3GRPA¢ ≤ 4000 Ð '5(-gi(76-95'58Ë6+856+9)85PR9
PY*Î6+M�(76+PL.W9)85M�85'ËP¯M�8Z;%( H BI;ka ² B)6+95X n

/ H 851R[3(71R9)G@.)[3PY?LQ@.)6-95P3[�^�.

l̄ ' n−1/3 ∼ 10−8/ρ1/3 67M�^ r1 ∼ 10−8 6+M
6+G3(<,%13(7(rG@.W676+9)8I?313P3(rM�(-¾Ë,@B¯Q3.)6+9)P3[@.)M�PnP¯CD.)G@. H 95(7GR13T�eAG@.W*]M�(+GA.W958)M�. u M�8W;%( H BI;%Tù678)8)9WÚ
')(+956-95'5(+131383a!Á�8 J ,�.rE3G3P l̄ ≤ 10 r1,

9_aÒ()a%E3GRP
ρ > 10−3 J u 67M −3 1@._,!8ËBOQ3PR95T�'5.W95Xt')*I.)PRM�8],%(7eYÚ6-95'5PR(iQ@.)6-95P3[¯,!GYB J 6:,!GYB J 85M�a�À�G3.W*7BOM�1385e¯9585Q31R856+9)X5×lE385')(<,!(+13P3( J .W*].2'2c-95PYC¯B56<;%85'5PY?YC8)E3P367T�'5.)(+9)6�?NBOG@.)'51R(713P3(+MÍ'D.)1OÚ ,!(+GYÚ Ø .).Z;%X567.R±

P =
n

1− b n
kT − a n,

J ,%(ÎE@.WG@.)M�(+9)G3T a
P

b
'5T�45P3G@.W×�956�?¯PR*:B56<;%85'5PY?N1@.WPY;@BOQRði( J 8t678 J ;!.W67PR?¯6:c H 67E3(+G3P3M�(+1R9585M�a� 8 J ,!. l̄

6+9Z.)138)'5PR956�? ∼ r1

E3G385P36sC587,!PR9�,!PR67678)[3P@.)[3PY?�^_.�*I.W9)(7MNP´P3851RPR*I.)[RPR?´'�G3(-*7BI;%XI9Z.W9)(
BOM�(+13X)ði(+13PR?¯c713(+G J PRPL67')?Y*]P£c-;%( H 95GR851@.t6»ò+GR8],%PR95(<;%X56 H P3M òÉ?O,%G385M�a

· ¦b¢h«n¨bãY°�%¬b!È!§5¨b¥bâVÈ@ÜhÇ3¥bªfhÞÕ¢Oä`§5«3È%¥bäóÈF®k°�ÇRÜhªf¢
² B)6+95XVEY;!.W*7M�.å6+856+9)85PR9½PR*o?h,!(7G ¶�¸Î^U¹�¼p6 H 8513[3(+1R95G3.)[3P3(+e nz

P#c-;@( H 9)G3851385'V6 ne =

Znz.
ÀmGR(<,!13(+(¿G@.)676-958I?31RP3(¿M�(+¾r,%BñP38)1@.)M

li = n
−1/3
z .

S 6-;@På4)T *].)GD?O,!T 'nEY;!.Z*]M�(Ö45Tm;%P
G3.)67E3GR(<,!(<;%(713T G@.)'5138)M�(7G3138R^`958n'n6+G3(<,%13(7M H BI;%851385')6 H 85(Ö')*7P3M�87,!(7e36-95'5PR(£4)Tm;%8nG@.)'51R8AýR^PóEO;!.W*]M�.ñ4)Tm;!.ñ45T PO,!(7.Z;%X51RT�M J .W*785M�a�E
,!13. H 8\c-;%( H 95G38)13T H 8513[R(71R9)G3P3GRBO×�9)6�?�'54Z;%PR*]P
PR851385'3^k6+8)*-,�.W'D.W?o854W;!.)6-95X¯62G@.W*7M�(7G38)M

rD

¶¸G@._,!PYB56 > (745.W?%¼<^�'51RBh95G3P H 8)9)85G385eFE38)95(+13[3P@._;¶¸'ËE3(7G3')85M½E3GRP34W;%PR¾i(713P3P@¼ P3M�(+(+9t'5PO,b±

ϕ =
1

r
exp

(

− r

rD

)

, J ,!( rD =

√

kT

4πZne

∼ 10−11

√

T

ρ

6+M
.

&�.WGh?h,!Tf^3B],�.Z;%(+1313T�(´8)9ÏP3851@.Ë1@.
r � rD,

13(:8 H .W*7T�'D.)×
921@.r13( J 8t'W;%PR?R13PR?�a
µ (7G385e£13(+PO,!(]._;%X513856-95PLEO;!.W*]M�Tÿ6-;@Bh¾tPR9t45(+*7G@.W*]M�(+G31385(´8)9)138)ði(+13P3(W±

Γ =
Z2e2

likT
=

1

4π

(

li
rD

)2

' 105 Z2

A1/3

ρ1/3

T
.

Ø [3(+1R95G3(0Àm8W;%1R[@.R^@1@.)ERG3P3M�(7G�^
Γ ' 0.05.S 6<;%P

Γ� 1,
958Ï'5T�G@.W¾r(+13P3(�,@;@?

P
P

E
P3M�(+(+9t'5PO,b±

P = nkT

(

1−
√

π

3
Γ3/2

)

, ρ · E =
3

2
nkT

(

1− 2
√

π

3
Γ3/2

)

.

² G3P
Γ ∼ 1

')(+gi(+6+9)'58p'5(q,!(+9Ï67(+4I?�^ H . H ¾tPO, H 856-95X3^%.rE3GRP

Γ ≥ Γm ' 150,
9_aÒ()a%E3G3P

T ≤ Tm ' 2 · 103 Z2

A1/3
ρ1/3

PR8513T©8545G@.Z*7BO×�9 H GRP36+9Z.Z;R;%P3Q3(+6 H BO× GR(+ði(-9 H B)^@'51RBh95GRP H 8)9)85G385eÖ1@._CD87,!PR9)6�? J .Z*:67'5854)8],%13TmCc<;%( H 95G3851R85'3a K .WE3G3P3M�(+G�^ 'å[R(71R9)G3(FB J ;%(7GR8],%138 J 8 (Z = 6, A = 12)
45(<;%8 J 8 H .)GY;@P H .V6

lg ρc = 9 H G3PR6+9Z.Z;3;@P3Q3(76 H 85(0?O,%G38t13._QRP31@.)(-92³:85G3M�PRG385'D.W9)X56�?�^@(+6-;%P T < 3 · 107 Ð a

| @



0 3 6
6

7

8

9

10

+%zZ�-, � }�º`�<�_�7��z_�-��yZ�+���N.��-�Iy)w � �Zw=0�yZz_�Z�������7�7�3�_�-�Z���_�k�b�7�Ww<�-�Z���_z_�����+���<���_�_zI��,svOw-��»����_�_�-�+� � ���Zw�yZz_�ZzI��;���N:��Õ�]�-�-�-�_�/.
γ
����w-�_�-�+z_�-� ���3���_�=:��

4/3
0�w����Z�����-x+�Zw-0��-�+w-�_zI� �Zw-��z5¼Õ�+�<� � zZ�����-{ZzZw<{_zZz4½��/,
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����������	¿¾�5Àr����ç¯�k	�$´�����1�\�ÿ������������� �
β Á ���������������

 ÎÈ%!ä`§5«3È%ÇAÇ3«3%ªf¬bÔËâ %�ÞÕ¢h¤
Â ,!(+G313T�(´67PY;@Tf±
O5¼mPR*]8)9)85E3P3QR(76 H PLP313'D.WG3P@.)1R9)13T5£ ϕn ∝ r−1 exp(−r/rn), J ,!( rn ∼ 10−13

67M�a
Å@¼�*I.)'5PR6�?R9t8)9Ï67E3P31R85't1YB H ;%851385'Ra

� BI;%851R85'56 H P3(:67PY;%Tf± ϕe = Z1Z2e
2/r. ϕe(rn) ∼ 3 µ c Ø aØ (-;%P3QRP31@.

4E

A
=

mAc2 − Z mpc
2 − (A− Z) mnc2

A(+6+9)X2c71R(7G J PR?N6+')?R*7P¯13.Ë1YB H ;%851�a`E�1@. ∼ 13(+6 H 8W;%X H PYC µ c Ø a
� .)ER(-;%X513.W?¿M�87,!(-;%XÏ?O,!G3.¯¶ K a � 8)G�^�ÂI÷P�5¹5¼-a² 85QR(7MÕBÖ13(:G@.W67E@._,!.)×�9)6�?N13(+eR95GR8513Tù'Ï.W958)M�13TmC¿?O,!G3.ZCv�

Æ ¥b®bÔä%�ÞÕ¢O¤b¬bÔËâV¤b¢OÇR¨'Îb¥`ä
&�.WE3P367X

15
7 N + 1

1H −→ 4
2He + 12

6 C
c H ')P3'D.Z;%(+1R9513. 15N(p, α)12C.

Qn = Σmfc
2−Σmic

2
Ú�c+13(7G J 85'5T�,%(-;%(+13P3()a ² G3P Qn > 0

G3(]. H [3PR?Ö1@.Z*]T�'D.)(-956�?¿c H *]8)9)(7G3M�POÚQR(76 H 85e�^�.rE3GRP Qn < 0
/2c71O,%8)95(+G3M�P3Q3(+6 H 85eå¶ÐER85G38 J 85'D.W?@¼-a

ò (]. H [3P3P¯9)P3E@. 2D(2D, p)3T
PO,%Bh9tE38Ë67PY;%X)1385MÕB¿')*].)P3M�87,!(7eR6+95')P3×0a

σ ∼ πr2
n ∼ 10−25

6+M
2.Ø G3(7. H [3PRP 2D(p, γ)3He

,!85E38Z;%13PR9)(-;%X51R8£BOQ@.)6-95')B)(+9Nc-;%( H 95G38)M�. J 13PY951385(t')*I.WP3M�87,!(7e36-95'5PR(
⇒ '5(+G38I?R951R856+9)Xp')*I.WP3M�87,!(7e36-95'5PY?¿,!8)M�138I¾Ë.)(+9)6�?£1@.

e2/~c ' 1/137.

ò (]. H [3PR? n −→ p + e + ν̃
/ÖE3G3P3M�(+GnG3(]. H [3P3PL6<;!.)458 J 8p')*].)P3M�87,!(7eR6+95')PR?�a K .Ï6].)M�8)Må,!(-;@()^c-958i,!')BDCD6-9)BOE3(+13Q@.W9Z.W?AGR(]. H [RPR?£Q3(7G3(-*0')P3GR9)B5.Z;%X51RT�eÄÃÍÚ 458W*]851�±

n −→ p + W−, W− −→ e + ν̃

Ø (7G38I?R9)13856-95XF6<;!.)458 J 8n')*].)P3M�87,!(7eR6+95')PR?åM�.Z;!.LPR*-Ú *I.n458Z;%X)ði8)e\M�.)676+T W±
P

Z0
458)*7851385'

(' 90
��c Ø ¼-a

 Î¨�%¤`!§5«3Ý*%�ÞÕ¢O¤b¬bÔËâV¤b¢OÇR¨'Îb¥`ä
QfP36<;%8Ë')*I.WP3M�87,!(7e36-95'5PReN?O,!(+G

i
P

k
'¿ÂÎ6+M 3 *I.¿Â:6)±

N = NiNk
vσ

(1 + δi,k)
,

J ,%( v
/£8)9)138567PY95(-;@X51@.W?n6 H 85G3856-95XÖQ@.)6-95P3[�^MÅù/ H 8513[3(+1R95G@.W[3PR?n?h,!(7G�^�. δi,k

/O6+P3M�'58W; � G38WÚ
1RP H (7G@.Ra ⇒ 6 H 85G38)6+95Xtc713(+G J 8)'5T�,!(-;@(713PR?

ε
¶Ðc7G J u 6 u J ¼ =

NQn

ρ
∝ XiXkρ < σv > .

Ø [3(+1R95GR(¿*7''«+*<,
T ≤ 1010 Ð a ² 856 H 8Z;%X H B mpc

2/k ∼ 1013 Ð ^b958N,!'5PR¾i(713P3(Ö1YB H ;%851385'N/1R(7G3(<;@?R9)P3'5P36-956 H 85(Wa

|��



�!aÄ�Y.)M�85'SE38 H .W*].Z;k^�QR9)8V')(7G38I?R9)13856-95XÍE387,!45.)G3X5(+G3138 J 8VE3(+G3(-C587,�. ' exp (−2πZiZke
2/~v) .À�.WM�8t6+(7Q3(+13P3(

σ
,!8Z;@¾21R8r45T�95X ∝ πλ2, J ,!( λ ∼ ~/p. ⇒ σ ∝ p−2 ∝ E−1 ⇒

σ(E) =
S(E)

E
exp

(

−2πZiZke
2

~v

)

.

Ø T�G@.W¾Ë.W?
v
PR*267858)9)138)ð0(713PR?

E = A∗mpv
2/2, J ,!( A∗ = AiAk/(Ai + Ak),

PÉBOQ3PR95T�'5.W?�^
QY958

N(E) dE ∝ E1/2

T 3/2
exp

(

− E

kT

)

dE

ER8W;@BOQ3P3M�±

< σv >∝ 1

T 3/2

∫ ∞

0

S(E) exp

(

− E

kT
− b

E1/2

)

dE, J ,!( b =
π
√

2mpe
2

~
Z1Z2A

1/2
∗ .

µ 1R9)( J G@.Z;n8)[3(713PRM½M�(+9)87,!85MÍE3(+G3(7'5.Z;!.Ra ² B56-95X

f(E) =
E

kT
+

b

E1/2
. ⇒ df

dE
=

1

kT
− b

2E3/2
; ξ ≡ d2f

dE2
=

3b

4E5/2
.

Ø M�P313PRMÕBYM�(W^@9_aô(Wa@E3G3P
E = E0,

df

dE
= 0. ⇒ E0 = (bkT/2)2/3, f(E0) = 3b2/3(4kT )−1/3 ≡ B/T 1/3, ξ0 ∝ T−5/3.

Ø 4W;%PR*7PnM�P313P3MÕBOM�.
f(E) ' f(E0) + ξ0(E − E0)

2/2.
Á�8 J ,!.2(76<;%P S(E) ' S(E0)

¶Ð1R(7G3(-*]8WÚ
13.)136713.W?£G3(]. H [3PR?%¼<^3958

< σv >∝ S(E0)

T 3/2
e−B/T 1/3

∞
∫

0

exp

[

−ξ0

2
(E − E0)

2

]

dE ∝ T−3/2 e−B/T 1/3

ξ
−1/2
0

∞
∫

−E0

e−x2

dx.

&�.WM�(71R?Y?¿13PR¾t13P3e£E3G3(<,%(-;nPR1R95( J G3P3GR85'D.)13PY?N6 −E0

1@. −∞ E38W;@BOQ3PRM½8 H 8513Q3.W95(<;%X51383±

ε = A
XiXkρ

T 2/3
exp

(

− B

T 1/3

)

.

² 856 H 8W;%X H B

d

(

ρXi

Aimp

)

= − ρ ε

Qn

dt,
9)8 (

∂Xi

∂t

)

m

= − ε

Qi

, Qi ≡
Qn

Aimp

,
9_aÒ()a

(

∂Xi,k

∂t

)

m

= −A0ρXiXk

T 2/3
exp

(

− B0

T
1/3
6

) 6 −1,

J ,%( A0 = A · (Aimp/Qn), B0 = 42.5(Z2
i Z

2
kA∗)

1/3,

| �



Û ¤b%«3%¬c¡s®b¤`%«3%¬b¬`ÔËä Îb¥`¨k°

1
1H+1

1H −→ 2
1D+e++ν, Qn = 1.44−0.25 = 1.19 µ c Ø , (A0 = 4.2 10−15, B0 = 33.8; )

2
1D + 1

1H −→ 3
2He + γ, Qn = 5.49 µ c Ø ^ (A0 = 4.0 103, B0 = 37.2; )> .Z;@(7(:'

86 %
6<;@BOQ@.)(7'Ï1@.tÀm8W;%13[R(´Ph,t«+9tG3(]. H [3PR?�±

3
2He + 3

2He −→ 4
2He + 2p, Qn = 12.86 µ c Ø ^ (A0 = 1.3 1010, B0 = 122.8; )

QfP36+9)T�eNG3(-*7BI;%XI9Z.W9R²2²YÚ [3P H ;!.R± 41
1H −→ 4

2He + 2e+ + 2ν, Qn = 26.23 µ c ØØ
14 %

6-;@BOQ@.W(7'Ë/2E3GR8)95( H .W(+9p[R(7E385Q H .ËG3(7. H [3P3e�±
3
2He + 4

2He −→ 7
4Be + γ, 7

4Be + e− −→ 7
3Li + ν, 7

3Li + 1
1H −→ 24

2He.

90 %
13(+eR95G3PR1382P3M�(+×�9tc713(+G J PR×lýRaôõP> µ c Ø P 10 %

Ú�ýYaÊ�5õ µ c Ø a
K . H 851R(7[�^@' 0.02 %

6-;@BOQ@.)(+'tGR8_¾r,�.)×
956�?¯13(7eY95G3P31R826
Eν = 14.06 µ c Ø ±

7
4Be + 1

1H −→ 8
5B + γ, 8

5B −→ 8
4Be∗ + e− + ν, 8

4Be∗ −→ 24
2He

+%zZ�-, @ }W~!�7���@w?�I�Æ��{_zZ�IyWw

µ (+9587, � a ² 851Y95( H 85GR'58Ë/ ò a > c7'5PR6].¯¶�©4Ç�ÈF«�ÉÊ²OPË�«)^=Ì_Í8¸f¼<±

νe + 37
17Cl←→ 37

18Ar + e−, Eν > 1.2 µ c Ø , t1/2 = 35d, F = 0.33± 0.03.

µ (+9587, Ø a ( a � Bh*]X)M�P31@.L¶�Í8¸¬ÎIÏ ^ ò 85676+PR?ÄÐÑÎ5¸#ÒcÒcÏ}Ó0^3·�Ê²OPÔÖÕR¼-±

νe + 71
31Ga −→ 71

32Ge + e−, Eν > 0.23 µ c Ø , t1/2 = 11d.

FSAGE = 0.52± 0.06, FGALLEX = 0.60± 0.06.

ò ( J P36+9)G@.)[3PR?©c<;%( H 95G3851R85'\8)97,�.IQ3PóE3GRP½BOE3GRB J 85M G@.W6767(-?313PRPd¶ À�BOE3(+GYÚ � .)M�P38 H .W1O,!()^ Â E38WÚ1RPR?%¼<±
νe + e− −→ νe + e−, Eν > 6.5 µ c Ø , F = 0.47± 0.02.

Ù ô



+%zZ�-, V }�×Dw-�-zZ��zZ�3�+���<�m�����_���_zI���_��w-�_{_z_z
12 Ø (p, γ)13 Ù �+�����_���_��z_z","2Ú½���������n������� ,?;P��Ûc���}� � ; �-Ù/� | � @ V 3

+%zZ�-,2�_}k×Dw-�-zZ��zZ�3�+���<���-�����Z���_��z_zr�3�_��»�z_�<��yZ�
S � y_�r�_�sw<�_{Zz_z 12 Ø (p, γ)13 Ù ,º2Ö½����������.������� ,?;8��Ûc���}� � ;�-Ù=� | � @ V 3

Ù |



����������	ÝÜ 5Àr����ç¯�k	�$´�����1�\�ÿ�������������  "� .Þ�"%$´�Õ�´àß/�ÿ����$:��1�æ�������âá
ãGä åo¡9Îb¥b¨b°

12
6 C + 1

1H −→ 13
7 N + γ, B0 = 137; 13

7 N −→ 13
6 C + e+ + ν, t1/2 = 10m;

13
6 C + 1

1H −→ 14
7 N + γ, B0 = 137; 14

7 N + 1
1H −→ 15

8 O + γ, B0 = 152;

15
8 O −→ 15

7 N + e+ + ν, t1/2 = 2m; 15
7 N + 1

1H −→ 12
6 C + 4

2He B0 = 153;Ø M�(76+9)82E38)6-;%(q,!13(7e¯G3(]. H [3P3P¯'58)*]M�8I¾r(+1¿E3G385[3(+676W±
15
7 N + 1

1H −→ 16
8 O + γ B0 = 153; 16

8 O + 1
1H −→ 17

9 F + γ B0 = 167;

17
9 F −→ 17

8 O + e+ + ν; 17
8 O + 1

1H −→ 14
7 N + 4

2He B0 = 167;

+%zZ�=, � }W~!�7���@w ØnÙâæ {_z_�_yWw

Ø Bh* H 85MV95(7M�ER(7G@.W9WBOG31385MóP31Y95(7GR'D.Z;%(´*I.)'5PR67P3M�856-95X ε(ρ, T )
M�8I¾t138r*I.)ERP36].W9)Xt'Ï'5PO,%()±

εpp = ρX2
Hε0(T/T0)

n, εCNO = ρXHXCNOε0(T/T0)
n.

εpp εCNO

T06 ε0

�
T06 ε0

�
| � , ôq� � |rô<, @ |rô ö , � � � Ù+Ù , �
� |=, �q� ö � , � � | � |/, �=� | � , �| ô @ , �q� Ù � , @ ô Ù ô � , ��çÕÙ |��c, ô| � ô<, ö V=V ö , � � ö ô � ,Ä| ç� | � , @Ù ô |/, ô � ö , � � � ô @ , Ù�ç � | ö , @ö ô � , ôZ| ö , ô ö |rô/ô |=, � ç | Ù | ôc, Ù

Ù+Ù



µ *�9Z.W4W;%P3[3T#6-;@(<,%B)(+9_^%QR958Ë'i[R(71R9)G3(ÎÀm8W;%13[@.
(Tc ' 1.5 · 107 Ð ¼ εCNO/εpp ∼

ýRaÃÂ5a Ø M�(+6+9)(
6f9)(7M�^

LCNO
� /L� ' 1.3

þl/pE385QR(7MÕB��
j�6-9585eRQ3P3'5TmC£?O,%(7G£6

A = 5
P

A = 8
1R(´6-Bhgi(76-95')B)(+9_a

=⇒ µ TÿÚ�*]'5(-*-,!1RT�(:;%×�,%P�à
¶ !¤b¢h¬`¥b¢ !W¢h°`¥u%Í¥Íß%@°�¢h¢L«µ%GìÉ¢D°`ÔËâè�5°`¢hªf¢h¬`«3%È

+%zZ�=,O| ô_}Z~!�+�s�@w����_���Z�����-z_�_�����_zI���7�Z�-�-�Z�p.�� � �Zw 12
6
Ø ,

3 4
2He −→ 12

6 C + γ, Qn = 7.28 µ c Ø , B0 = 300;Ø 8)*]M�8I¾t13Tÿ9Z. H ¾r(:G3(]. H [3P3P�±
12
6 C + 4

2He −→ 16
8 O + γ, 16

8 O + 4
2He −→ 20

10Ne + γ, 20
10Ne + 4

2He −→ 24
12Mg + γ.

K 8 H 8 J ,�.£?h,!(7G 12
6

�^
16
8

¯i^
20
10

Å4«ÏM�138 J 83^�958NBh¾r(ÏM�.Z;%8 4
2

©4«W^`E38)c+958)MÕBo4)8W;%(7(Ï'D.W¾t1RBO× G38W;%X
P J G@.)×
92GR(]. H [RP3P¯9)P3E@.R±

12
6 C + 12

6 C −→ 24
12Mg + γ, 16

8 O + 16
8 O −→ 32

16S + γ.

² G3Pé¢ ∼ 109 Ð P3M�(+(+956�?É,!856+9Z.Z9585Q31R8LM�138 J 8 γ
Ú H 'D.)1R9)85'N6Ëc+13(7G J P3(7e ∼ µ c Ø ^ H 8)9585GRT�(')T�*]T�'D.)×
92³:8)9)87,!P3676+85[3P@.W[3P3×d?O,!(+G�^%E385G38I¾r,�.W?ÖG3(7. H [3PRP¯95PRE@.R±

32
16S + γ ←→ 28

14Si + 4
2He.

Ø 8)*]13P H .W×�giPR(iE3G3P¯c+958)M α
Ú Q3.)6+9)P3[3TùG3(7. J P3GYBY×
9ÖPN6f,!GRB J PRM�PN?O,!G3.)M�P�^%E385G38I¾r,�.W?�^@' H 8WÚ1R(7Q3138)M½67QR(+95(W^�c<;%(7M�(+1R95T J GRBOE3E3Tê°�«W±

32
16S+4

2He←→ 36
18Ar+γ, 36

18Ar+4
2He←→ 40

20Ca+γ, ... 52
26Fe+4

2He←→ 56
28Ni+γ.

² G3P£G@.)6+Q3(+9)(oë
n

'Ëc+9)PYC£G3(7. H [3PR?£1@.I,!8ÏBOQ3PY95T�'D.W9)X H . H ë +
n ,
9Z. H P§ë −

n .

Ù-ö



á ¢hä`«3¤b¥b¬`¬b%¢N¥kÜD°`ã�¦b¢h¬`¥b¢
Àm(+Q3(71RP3(iG@.)6+67(-?313PR?¯13(+eR95G3PR138Ö'5(+g0(76-95'585M

σν ∼ 3 · 10−44(Eν/ µ c Ø )2 6+M 2 =⇒ lν ∼ 1020/ρ6+M�a
( 131RP J PY;3?3[3PR?¯E@.)G e− e+

±
e− + e+ −→ ν + ν̃.² G38)[3(76+6\c7³:³:( H 9)P3'5(71 E3G3P
T ∼ T∗ = 2mec

2/k ∼ 1010 K.
Á�8 J ,�. εν(

c7G J u J u 6 ) ∝
T 9 exp(−T/T∗).

Àm'5854587,!1R8WÚ 6+'5854587,!138)(fPR*+;@BOQ3(+13P3(Î1@.i?O,!G3(t¶ì¸0^�¹�¼-±
e− + Z+ −→ e− + Z+ + ν + ν̃.² G38)[3(76+6´,!85M�P31RP3GRB5(-9£E3G3Pn'5T�6+8 H PYCLEY;%8)9)13856+9I?OCAPLE3GRPn67G@.)')13PR95(<;%X5138¿13PY* H 85eL95(+M�E3(-ÚG3.W9)BOG3(W±

εν ' 0.8 Z2/A T 6
8

í 8)9585GR8_¾r,!(+13P3(:13(7eY95G3P31R83±
e− + γ −→ e− + ν + ν̃.² G38)[3(76+6´c+³:³´( H 95PR'5(71¯E3G3P ρ < 104 J u 67M 3

P
T8 = 1÷ 4.

Á�8 J ,�. εν ∝ T 8

² ;!.W*]M�(+1313T�(´13(7eY95G3P31R83±
Γ −→ ν + ν̃.

ω2
p = 4πNee

2/me.
² G385[3(+676:c7³:³:( H 9)P3'5(+1NE3G3P£'5T�6+8 H PYC£EY;@8)95138)6+9I?YC¯P T8 ∼ 3.

j�G H .ËE3G385[R(7676+Tf± ��a ( aô�R.)M�85'R^ = a�Í8îL«CïhÅt«Cðñn¶�Â]÷)Ñ3Â_¼�P Ø aÄÀ�a ² P313.)(7'N¶�ÂI÷U>P�D¼-a² G3PRM�(7G3Tf±
3H −→ 3He + e− + ν̃, 3He + e− −→ 3H + ν

p + e− −→ n + ν, n −→ p + e− + ν̃.Ø 854)g0(7MV'5PO,!(W±
(A, Z) + e± −→ (A, Z ± 1) + ν±

(A, Z ± 1) −→ (A, Z) + e± + ν∓

(A, Z ± 1) + e∓ −→ (A, Z) + ν∓

² G38)[3(76+6Îc+³´³:( H 95P3')(71NERG3P¯6+G3(<,%13PYC£P£'5T�678 H PYC£EY;%8)9)13856-9I?YC¯P T9 > 1, εν ∝ T 6.

+!zZ�-,h|+|-}]+3�<yW�m�Ww-0�yWz_�_�����
�Z�_�-{_�s�����-�m�_��» � ���_z_���_�r._�<�_zZ�_�<,

Ù �



����������	¿ò���ÿ�����������mó!�������%��� ��"º��è����������Nç  ��1èÇ	`��� "� .Þ�"@$
Ë´°�¢hªf¢h¬`«hÇ3¤b¬bÔÏ¢¯®`¤b$Î`¢O§D§5ÔÀï ÅYÚ Å�^RÅYÚ�ô�^2ô�Ú�ô

+
G@.)6+67(-?313P3(Wa

S 6<;%P
lν
/Î67G3(q,!1R?R?i,@;@P31@.f67'58)4587,!138 J 8´ERG38545( J . H 'D.)1R9Z.R^W958 σν

¶Ð6+M
2) = 1/nlν

/Î85E3GR(<,!(<;%(713PR(
c+³:³´( H 95PR'5138 J 8067(+Q3(71RPR?Ï')*I.)PRM�8],%(7e36-95'5PR?�a � 8 J ,�.fP3M�(7(+MF13(+6 H 8W;%X H 8Î6785GR9)85'´Q@.)6+9)P3[ÏP u PY;%PERG385[3(+67678)'3^@958

lν = 1/Σ niσ
i
ν .

K .W*785'5(+M H 85c+³´³:P3[RP3(71R9)85Mó13(+E3G38)*7G@.IQ313856-95PL'5(<;%P3Q3PR1RB

κν

( 6+M
2

J
)

=
Σniσ

i
ν

ρ
. =⇒ lν =

1

κνρ
.

S 6<;%P
l � Ch.WG@. H 9)(7G3138 J 8£G@.W*]M�(+G@.p67PR6+95(+M�T L,

9)8Ö'5(+g0(76+9)'58¿6iPR*-;@BOQ3(713PR(7M�ERG@. H 9)P3Q3(76 H P1R(
'W*I.)P3M�87,!(+e36+9)')B5(-9iPÏE38)9)(7G3PÏ13856�?Y9Î8)45X5(7M�1RT�eËCD.)G@. H 9)(7G�a Û ¤b¥`ªf¢h¤ ±51@.IQ@.Z;%X)13T�( 6+9Z._,!PRP6�¾r.W95PR?£E3GR8)958)*7'5(+*<,!138 J 8p854W;%. H .ËP¿13(+eR95GRP3131385(ÎPR*+;3BYQR(713P3(Wa
S 6<;%P

l ∼ L,
958
'�6+P36+9)(7M�(�*]1@.IQ3PR9)(-;%X)13T�eËE38)958 H c71R(7G J P3P =⇒ tr = E/Ė ∼ '5G3(+M�(713PÎM�(+¾r,%B6-958W; H 1385'5(+13PR?RM�P2Q@.)6-95P3[ tc

^)9_aÒ()aD'5GR(7M�(71RPÏB)6+9Z.)138)'W;%(71RPR?Ï;@8 H .Z;%X5138 J 8f95(+G3M�87,!1@.)M�P3QR(76 H 8 J 8G3.)'51385')(767PY?ñ¶ é´Á ò ¼<a ² 85c+9)85MÕB κ
P

Iγ

')*].)P3M�856+')?R*].)13Tfa Û ¤b¥bªf¢O¤ ±3*]')(+*-,%13T�(0.Z95M�856+³´(+G3Tfa
S 6<;%P

l � L = T/T′,
958ÖPR*-;@BOQ3(713PR(Î,!P3³:³fBY1h,!P3GRB)(+9¯6 H '58W*]Xp6+P36+9)(7MÕBLER(7G3(+13856�?Ac71R(7G J P3×0a² G3P£c+9)85M

tr >> tc =⇒ é´Á ò a Û ¤`¥bªf¢h¤ ±3*7'5(+*<,!13T�(´13(<,%G@.Ra
î ¥`¡N¡¿ã�Üh¥b!¬b¬b!¢¯®`¤b¥bß%°`¥uìo¢h¬b¥`¢

² B)6+95X
F ν

rad dν
¶¸c7G J u » u 67M 2

¼�/´ER8)958 H c+13(7G J P3P�^)E3(7G3(+13856+P3M�T�eË'Z,!8W;%X�8567P r

*I.ÎÂ�67( H a)Q3(+G3(+*Â:6+M 2 H 'D.W1R9Z.)M�P£'ÏPR1R95(+G3'D.Z;%(ÎQ@.)6-958)9t8)9 ν
,!8

ν + dν.
Á`8 J ,�.R±

F ν
rad = c · hν · n

−
ν

6
− c · hν · n

+
ν

6
' − c

6
· 2lν ·

d (hν · nν)

dr
,

¶�Â_¼

J ,%( nν

/ H 8513[R(71R9)G@.)[3PR?\¶Ð6+M −3
¼�67858)9)'5(+9)'56+9)')BO×�g0PYCL³:8)9)851385'Ra

0

c c

+%zZ�-,O| Ù }�õÉ�����+� � � ���+�-�<�_�/:����_zI� 2Ð| 38,

E�458W*]1@.IQ3P3'0Q3(7G3(-*
Lν(r)rad dν

/Ëc713(+G J P3×Î^3E3(+G3(7138)67P3MÕBO×�*I.tÂ�67( H aR³:8)9)851@.)M�Pp'Î9585M\¾r(6+E3( H 95G@.Z;@X51385Må,%P@.)E@.W*78513(´Q3(7GR(+*´67³:(7GYB¿6´ER85'5(7G5CY13856-95X5× 4πr2,
P3M�(+(7M�±

F ν
rad dν =

Lν
rad dν

4πr2
= − lν c

3
· d

dr
(hν · nν dν) .

¶ ¹5¼

Ù/�



² G3PÀé´Á ò 6fBOQ3(+9)85M p = hν/c, µtr = 0
P2,!')BDC£E38W;3?3G3PR*].)[3P3e£³:8)958)1@.ÏPRM�(7(7M�±

nν dν =
2

exp (hν/kT )− 1
· 4πp2 dp

h3
=

4π Bν

c hν
dν,

¶7�D¼

J ,%(
Bν =

2hν3

c2

1

exp (hν/kT )− 1

/2³fBO1 H [3PR? ² ;!.)1 H . . ¶¸Ñh¼
µ 1R9)( J G3P3GRBW?LE38Ï'567(+M½Q@.W6+958W9Z.)MÍE38W;3BYQRP3MS,@;3?¯4)8W;%85M�(-95G3P3QR(76 H 8 J 8pE38)9)8 H .ÏP£67')(+95PRM�856+9)P�±

Frad =
Lrad

4πr2
= − 4π

3

∞
∫

0

lν
dBν

dr
dν = −4π

3

dT

dr

∞
∫

0

lν
dBν

dT
dν = −4π

3

dT

dr
l̄

dB

dT
,

¶ Ì5¼

J ,%(

B =

∞
∫

0

Bν dν =
σ

π
T 4, σ =

ac

4
' 5.67 · 10−5 c7G J u » u 6+M 2 u Ð 4. =⇒ ¶7>D¼

l̄ =
π

4σT 3
·

∞
∫

0

lν
dBν

dT
dν =⇒ l̄ ρ =

1

κ̄
=

π

4σT 3
·

∞
∫

0

1

κν

dBν

dT
dν

¶�ö5¼

Ø (-;%P3QRP313T
l̄
P

κ̄
1@.W*]T�'5.)×�9)6�? ò 85676+(-;!.)1h,!85'5T�MÍ6+G3(<,%13P3M�aÛ ¤b¥`ªf¢h¤ùû a ² G3P¿9585M�6+851385')6 H 85M½G3.)676+(+?31RP3P σT ' 6.7 · 10−25

6+M
2.
² 85c+9)85MÕB

κ̄T = κT =
0.19

(1 + X)
.

¶ÐõD¼

Û ¤b¥`ªf¢h¤©ü a ² GRPGô�Ú�ô%E38 J ;%8)gi(+13P3PË'587,!85GR8],%85E387,!85451RT�MÉPR851385Mn6m*].)GD?O,!8)M Z
¶Ð6mBOQ3(-9585MÉ'5TmÚ

1YBO¾r,!(+13138 J 8´PY*+;@BOQ3(+13PR?ÏPiB56+G3(<,!1R(713138)(�E38 µ . H 6+'5(-;R;%85'56 H 8)MÕBrG@.)6+E3G3(<,%(-;%(+13P3×©6 H 85G38)6+95(+ec<;%( H 95G3851R85'h¼-±

1

lν
= ρκ

f−f
ν ' 1.8 · 108 Z2 ne nZ

T 1/2 ν3

(

1− e−x
)

∝ ρ2

T 7/2
· 1− e−x

x3
,

J ,%( ne, nZ

/ H 8513[3(+1R95G3.)[3P3Pñc<;%( H 95G3851R85'LPÉP3851385'£678)8)95'5(-956-95'5(+131383^�. x = hν/kT.
Á�8 J ,!.PY*p¶�ö5¼mE38W;3BYQ3.)(7MÍ³:85GRMÕB_;3B � G@.)M�(7GR6].R±

κ̄f−f = κ0(Z) ρ T−7/2.
¶Ð÷D¼

> ;@?©QRP36+9)8½'587,!85GR8],%1385e©E38W;%1R856+9)X5×�P38513PR*785'D.)1R1385e#EY;!.W*7M�T
κ̄0 ' 2 · 1023,

E385c-9585MÕB©'
[R(71R9)G3(rÀm8W;@13[@.

l̄f−f ∼ 0.03
M�M�a

Û ¤b¥`ªf¢h¤m³ a ò 8W;@X�67E3( H 95G3.Z;%X513TmCÎ;%P313PRe�a ò .)676+M�8)95GRP3MoM�(7.)1O,!G06 κ = b
'�;%P31RPR?YCÎP

κ = a' H 851R9)P31RBhBOM�()^3E3GRP3Q3(7M a� b
PËðiPRG3P31@.Î*+BO45[385'ÎP2'5E@.I,!P31Ï8],%P31@. H 85'D.YaOÁ`8 J ,�. κ̄ = 2a,

9_aÒ()a
'_,!'585(f458Z;%X)ði(W^@Q3(7MVE3G3P¯8)956-BO9)6+9)'5P3P ò+6+E3( H 95G@.Z;@X513TmC¿;%P313PReuòWa
ÀóBOQ3(+9)85Md¶�ö)¼-^36+858)951R8)ði(+13P3(Ö¶ Ì5¼�*I.WE3PRði(-956�?N'Ï')PO,!()±

4πr2 Frad = Lrad = − 64πσr2

3κ̄ρ
T 3 dT

dr

PY;%P dT

dr
= − 3κ̄ρLrad

64πσr2T 3
.

¶�ÂIýD¼

Ù=@



Á�a H a dT/dr = (dT/dP ) · (dP/dr) ,
958Ï'Ë6-;@BOQ@.)(´E3(+G3(7138)6].Ëc713(+G J P3PFë0÷�øtùDï�÷
PR*+;3BYQR(713P3(+M�±

dT

dr
= −∇rad

T

P

ρGm

r2
, J ,!( ∇rad ≡

(

d ln T

d ln P

)

rad

=
3P κ̄Lrad

64πGmσT 4
.

¶�Â5Â_¼

¶ Ø ,!.Z;%X513(+eRði(+M ò 8)6767(<;!.)1O,%85'58Ï67G3(q,!13(7(ÎM�T�4)B],!(+MV8)458)*]13._Q3.W95XÏQ3(7GR(+* κ.)² G3PÖ')T�678 H POCÖEY;%8W9513856-9I?YC¿9)(7EY;%8ËM�8 J Bh9ËE3(7G3(+13856+PR95Xt'5T�G38I¾Ë,%(71313T�(fc<;%( H 95G3851RTfa Ø 8)4WÚg0(7MÍ')PO,!(
Fcond = −De

dT

dr
,

¶�Â_¹5¼
J ,%( De

/ H 85c7³:³:P3[3PR(71R9Ë,!P3³:³fBO*7P3P�a S 6-;%P¯'5'5(+6+95P

κcond ≡
16σ T 3

3De ρ
,

9)8L¶�Â_¹5¼�*].)E3PRð0(+956�?N'Ë'5PO,!(W^%.)1@.Z;%8 J P3Q31R85Mù¶�ÂIýD¼-±

Fcond =
16σ T 3

3κcond ρ

dT

dr
.

¶�Â]�D¼

S 6<;%PNE38W958 H 95(+EY;!. F = Frad + Fcond,
P3M�(7(+M�±

F =

(

1

κcond
+

1

κrad

)

16σ T 3

3ρ

dT

dr
=⇒ 1

κ
=

1

κcond
+

1

κrad
.

+%zW�-,h| ö }

Ù V



+%zW�-,h| � }�ú`w-�Zw<�Z�<����zc0��3���_���ZzI�f�_���_�Z�=0��Ww��_�_�+���<z
�+�_�]�<�_z�0��+�p0 � �¯� M = 5M�

2Ã�_�]�_�_�<zZ�_�Zwq��yZz_�ZzI�438,

Ù �
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² B)6+95X´M�.Z;%T�eËc<;%(7M�(+1R908)45X5(7M�. J .Z*I.f6-;%( J7H .:67M�(76-95PY;@6�?p1@.�G@.W676+9)8I?313P3( ∆r � r
1@.)GYBO¾ÏB

¶
∆r > 0

¼�8W9�PR6sCD87,!138 J 8�E38W;@8_¾i(713PR?�a S 6-;%P´E3856<;%(�c+958 J 8�c<;%(7M�(+1R9�1R(�6-95G3(+M�PR956�?0'58)*7'5G@.W9)PR95XWÚ6�? H P36sC587,!1385MÕB0E38W;%8I¾r(+13P3×0^Z.
E3G387,!8W;@¾r.)(+9�BI,!.Z;@?R9)X56�?r8)9�13( J 83^_958�')8)*]13P H .W(+9 H 8513')( H [3PY?�a² G3P H . H 85MVB)6-;%8)'5P3P£c+958tE3G385PY*]85eO,%(+9��

T T

P+dP P+dP

T+dT

W$X4Y-Z ¨ ¦]\�þ o/lNo=i s4b�d<acXc_-qracX]x5ÿ*o�f-ac���ÒX]j<×-sUf

�å�]|$��� �v� � � �v��Å�¼µ}<�PÃÉ¼P�=���v�v�v��}4����zU�U�vzP�9�����v���9�À���=�����������U�P�����"|º����� a,
zP�/�<}U¼<������}U��}��

��zP{��v���vÅ�� � } � }U���=� � Å zP� � ��½É}U���¹�/�»� � �-|ºÅÏ¶P�/� �v��|º������zU¼v±	�C�-|������v�vz�¼P� � �$Å�¼µ}4���P�=�����������
� }U�/��� � �v�/�U�9�G���vz Pa(r) = Pc(r). 
 � �-| � z<�$z]½��v���'���PzC�P� � �$zPzP¶P���/� �=�$�/�������<} ��zU� � ��½É}�����¹�/�Ï� � �-|ºzP����������óz4�P�/���U�/�P¼4�P�/�c�Ò�PzP{r|`}

Sa(r) ' const,
�c± �U±

ρa
�

Ta
¶U�e|$��� ���������PÃP�9�

¼U����� � � �=�����������<} ® � zP���U�$´ � z�}]|º��}U¶µ}<�P�v�v�/����zP��C�]}U��zP���U±��å�$�/��������¶U�e|º�=��¼P� � �$Å�¼µ}4�UÃv���/������C¼É�"}4½¯|ºzP���PzP���"�
ρa < ρ. 
 zP�/��z4�$ÃP���

ρa(r + ∆r) = ρ(r) +

(

dρ

dr

)

a

∆r
�

ρ(r + ∆r) = ρ(r) +
dρ

dr
∆r,

{r|$�
ρ(r) ¿ � �$zU�U�vzP�=�PÃ���} � � zP¼P�v�4�U�Ç��zU�Uz � zP{/z��=��������������}]�v�v��}U�=��¼P� � �$Å�¼µ}4�UÃv�4�Uz���zP�v¼P�/���v���¼UzU�e�v���v�v�/�c�$��zP{r|`}

dρ

dr
>

(

dρ

dr

)

a

. (8.1)

Á��-�$�À���v���/zP�/�<}4¼�¼P���¹���=�P¼µ}»�v�����������/�P�9�C¼<|ºz<�$Ã����v�PzÄ�����P�-�$zP¼P���
Pa = P

�v�����/���

dP =

(

∂P

∂T

)

ρ

dT +

(

∂P

∂ρ

)

T

dρ =

(

∂P

∂T

)

ρ

dTa +

(

∂P

∂ρ

)

T

dρa =⇒

(

∂P

∂ρ

)

T

[

dρa

dr
− dρ

dr

]

=

(

∂P

∂T

)

ρ

[

dT

dr
− dTa

dr

]

=

(

∂ ln P

∂ lnT

)

ρ

[

d lnT

d lnP
− d lnTa

d lnP

]

dP

dr
.

[=§



² 856 H 8W;%X H B (∂P/∂ρ)T > 0, (∂P/∂T )ρ > 0,
.

dP/dr < 0,
B)6-;%85')P3(2'58W*]13P H 1385'5(+13PR? H 851OÚ')( H [3PRPñ¶ÐõRaøÂI¼�*I.)E3PYði(+9)6�?n'Ë'5PO,!(W±

d ln T

d ln P
≡ ∇ > ∇ad ≡

d ln Ta

d ln P
. (8.2)

K 8Ë'5(<;%P3Q3P313. ∇ *I.WG@.)13(+(´1R(´PY*]'5(+6+9513.R^�4)8W;%(7(f9)8 J 83^@PRM�(713138Ï(7(:P£1@._,!8Ë1@.WeR95P�a
² G3Pr13.Z;%P3Q3PRP H 8513')( H [3PRPÏPY*+;@BOQ3(+13P3(
E3(7G3(+13856+PR9´;@PRðiX:Q@.)6-95X:854)g0( J 8´ER8)958 H .f95(+EY;!. Lr

^
9_aÒ()a

Lr = Lrad
r + Lconv

r ,
E3G3P3Q3(+MÍ678 J ;!.)671R8L¶�ÂIýD¼mPF¶�Â5Â_¼

Lrad
r =

64πσGmT 4

3κP
∇. (8.3)

� î�ø%éÖê��£'56+(
9)(7EY;%8´E3(+G3(7138)67PY;%8)67X09)8W;%X H 8´PR*+;@BOQ3(+13P3(+M�^O9)8f,@;3?tc-958 J 80E38W95G3(+4585'D.Z;@6�?t4)T
J G@._,!PR(71R9 ∇rad, H 8)9585GRT�eN85E3GR(<,!(<;@?3(-956�?LPY*Î6+858)9)138)ði(+13PR?�±

Lr =
64πσGmT 4

3κP
∇rad,

9_aÒ()a ∇rad ≡
3

64πσG
κ

P

T 4

Lr

m
= ∇ Lr

Lrad
r

. (8.4)

À�;@(<,!85'5.W95(<;%X51383^ ∇rad ≥ ∇,
E3G3P3Q3(+MSG@.)'5(+136+9)'58rP3M�(7(-9ËM�(76-958i;%PRð0XiE3G3PÖ8)9)6+Bh956-95'5PRP H 851YÚ')( H [3PRP�a�Á`8 J ,�.tPY*£¶ õRaÄ¹5¼�6-;%(q,%B5(-9_^�QR958 H 8)13'5( H [3PR?n'58W*]13P H 13(+9_^�(+6-;%Pn')T�E38W;%1R?R(+9)6�?LB56<;%85'5P3(¶ Ð aUÍ8îR» �ÇO�ð"!�És»�î�#ÖÔ Ñ�^kÂI÷5ýU>D¼-±

∇rad > ∇ad. (8.5)Ø 8)9];%P3QRP3(i8)9n¶ õRaÄ¹5¼�' H G3PY95(7GRP3e%$ 'D.)GR[RðiPY;@XZ,�.n¶ÐõRaºÌ)¼ 'WC587,%?R9Ï;%PRðiX2'5(-;%PRQ3P313Tf^ H 8W9585G3T�(PY*]'5(+6+951RTù'i,!.)131385e¿958)Q H (f/267M�ab¶ÐõRaÒÑh¼-a
ú�Ç3ªf¢h¦`ÇR¬`¥b¢lû@Ê Àm858)9)138)ð0(713P3(\¶ õRaÄÌ5¼iE38W;@BOQ3(+138ñ'5T�ð0(Ö,3;@? ò-'567EY;@T�'D.)×�g0( J 8$ò (∆r > 0)c<;%(7M�(+1R9Z.R^O87,!1@. H 8:958)9:¾r( G3(-*7BI;%XI9Z.W9iER8W;@BOQ3PR9)6�?�^h(76<;%P2G@.W6767M�8W95G3(-95X�ò<95851RBhg0P3(µò (∆r < 0)c<;%(7M�(+1R95Tfa
ú�Ç3ªf¢h¦`ÇR¬`¥b¢rü�Ê Ø 85854)g0( J 85'58)Gh?�^h¶ õYaºÌ5¼�?R'W;@?R(+956�?f;%PYðiX 13(78)4IC587,!P3M�T�MNB)6-;%85')P3(7M¯E38I?3'W;%(+13PR?
H 851R'5( H [RP3P�a K 80,@;3?¯*7'5(+*<, H G3PY95(7GRP3e&$ 'D.WG3[RðiPO;%XZ,�.ÏM�8_¾t138ÏP367ER8W;%X)*785'D.W9)XtP¯' H .IQ3(+6+95')(,%856+9Z.W9)85Q3138 J 8tB)6-;%8)'5PR?oa
µ *´¶ÐõRaÒÑh¼b6<;%(<,%B)(+9_^hQR9)8 ∇rad

M�8I¾r(-9:45T�95Xf458Z;%X)ði8)e0;%P3458�*].�67Q3(-9Î')T�678 H 85eË13(+E3G38)*7G@.IQ3138WÚ6-95P
κ,
;%P34)8�*I.�67Q3(-9�458W;@X)ði8 J 8�8)9)138)ði(+13PR? Lr/m.

² 85c+9)85MÕB H 8)13'5( H [3PR?i')8)*]13P H .W(+9�;%PR458�'58')13(+ð013PYCÖ6<;%8I?YCt*]'5(-*-,¯6�1RPR* H 85eA¢ ef ,
B H 8)9585GRTmCÖ'0*7851@.ZC213(7ER8W;%1385eÖPR8513PR*].)[3P3PÖ13(�958W;%X H 8')(-;%P H .p13(+E3G38)*7G@.IQ313856-95X3^�1R8pPLM�.Z;!.t'5(-;%PRQ3P31@. ∇ad,

;@P3458p'p[R(71R9)G@.Z;%X51RTmCA854W;!.W6+9I?YCNE3G3P
6+PY;%X51R85e£*].)'5P36+P3M�856-95PN6 H 85G3856-95PN?h,!(7G31RTmC£G3(]. H [3P3e£8)9Ë95(7M�ER(7G@.W9WBOG3Tfa
S 6<;%Pn'26+G3(<,!(rPRM�(7(+9)6�? J G@.I,!P3(71Y9pCRPRM�67856-9Z.)'D.R^!9_aô(WaGÑ Xi/

Ñ
r 6= 0,

958Ö'5M�(+6+958É¶ÐõRaÄÌ5¼�B)6-;%8ZÚ
')P3(7MV1@.IQ@.Z;!. H 8513'5( H [3P3P£6-;%(q,%B5(-9Ö67QRPR9Z.W95X H G3PR9)(7G3PReÂé´(<,%BÉ¶T)`a�Ò�«�ÑLÇ('�)�^kÂI÷5Ì'ö5¼-±

∇rad > ∇ad +

(

∂ ln T

∂ ln µ

)

P,ρ

· d lnµ

d lnP
, (8.6)

H 8)9)85G3T�e#E38W;@BOQ@.W(+956�?�^�(76<;%PóBYQR(76+9)X3^�QR9)8 P = P (ρ, T, µ).
Ø G3(-*7BI;%XI9Z.W95(A?O,%(7G313TmCÍE3G3(<Ú

')G@.Wgi(+13P3e Ñ
µ/
Ñ
r
6+9Z.)138)'5PR956�?

< 0,
9Z. H QR9)8 Ñ µ/

Ñ
P > 0.

² 856 H 8W;%X H BS,3;@?óPO,!(7.Z;%X51R8 J 8
J .Z*I. (∂T/∂µ)P,ρ > 0,

'0*78513(fE3(+G3(7M�(+13138 J 8iCRPRM�67856-9Z.)'D.rM�8I¾r(+9Ë'58W*]13P H 1RBh95XË67PR9WBD.)[RPR?�^ H 8WÚ
J ,!. H G3PY95(7GRP3eS¶ õYaºÌ5¼m')T�E38W;%13(+1�^�.¯¶ÐõRa?>D¼�/Ö13(-9_^@9_aô(Wa J G@._,!PR(71R9ÏCRPRM�67856-9Z.)'D.R^!854)B)6-;%85'Z;%(7131RT�e?h,!(7GR1385e£c7'58W;@×�[3P3(+e�^%E3G3(+ER?R9)6+95'WB5(+9¿13._Q3.Z;@B H 8513')( H [3PRP�a

ö ô



+%zW�-,h| @ }

7 6 5 4
0

0.4

0.8

He H

W$X4Y-Z ¨ e\cÓnrtvqrkcqpk<Xcq�Öpa<f²s4Xcqrkc_-i=oÇo=k<b�_=acX�^`i-j<kc�4fÒg<i�a<f=Ypwcqp_²f=t�^'Z *&Ù&dei=o�f

+-,�./,�01,325476 }U��zP�À����� � ���P� � �v��¼ ¿ ®98�±;:P´Ç���$�ó®<8�±>=µ´ ¿ ��}c|$z ��� �v���������PÃ»¼¯�ezP��}c�À�v� � z4�$�vzP���zP�v���e}?�v�v�C��ze|$�vz � z�|º�vÅ�� ��������zP�=�<}U¼PzP� Xi(r) = const?+-,�./,�01,A@74 
 z4�º}4{-}4� ρ = ρ(P, S)
�������/�PzU�

(∂ρ/∂S)P = −γTρ2/P < 0, � zP�"}4½»���P�4�����Pz»¼��zP��¼P�����U�v¼P�vzU�C�ezU�v�CB
S/

B
r < 0.DFE�G1EIHKJMLFNOHKEIG1P?Q1Q3R7J�HKS�EIRKT1Q1E�U


 �U�/�PÃÄ�P�-�$zP¼P�v�»®98�±V:U´Ç���$�ó®<8�±>=µ´Ç¼PÅ � z<�$�v����zv±$yÍzP{r|`} � zÄ}U�v}<�$zP{/�v�C�»®98�±>Wµ´Ç��} � ���������
dT

dr
=

dT

dP
· dP

dr
= −∇ T

P

ρGm

r2
. (8.7)

X 
 � ���$z]½¯�/�v�v� � zP�"}4�e}U�vzv�N�"}U� ¼ � }U���"}<� �c±?��±N��zP�"}<�$ÃP�vzU�*�U��z � ��� � ���P� � � � �����/���v¼µ}�������*��}U���U�ó¼P�-�$�v�v�v��� ∇.
�Ò�<}FY��/�vzP���/�vz4�$zP{/�v�v�/���"}4�ó�U��z � ��� ��� �-| � z4�º}U{-}U�=�c�u���PzC¼PzU�e���v�	�
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1YBY'R^ H 8)13'5( H 95P3'51RT�(2c-;@(7M�(71Y95TUE3G38]C58],@?R9¯'£6+G3(<,%13(7M�G3.)676-958I?313PR(
lm,

E38)6-;%(ÏQ3( J 8¯G3.)6+9)'58WÚGD?R×�956�?N'Ë8 H GRBh¾Ë.)×
gi(+eN67GR(<,!(Wa S ,!P31R6+95')(71313T�M©E@.WG@.)M�(+9)G385Må95(78)G3P3PN?R'W;@?3(-956�?¯'5(-;@P3Q3P31@.
α = lm/Hp, J ,!( Hp = −P/ (dP/dr) = P/ρg

/L9_aô1�abð H .Z;!.L')T�678)9nER8£,�.)'W;@(713P3×Îa Ø (-;%PYÚQRP31@.
α
')T�45P3G@.)(-956�?É9Z. H ^kQR9)8545TlM�87,!(<;%X£*7'5(+*<,!Tl1@.WPY;@BOQRðiPRMù8545G@.W*785M#67858)9)'5(+9)6+9)'585'D.Z;%.

13.)4W;%×�,!(+13PR?RM�a � . H E3G3.)'5PY;%8R^ 0.5 < α < 2.ú�ÇOÞÕÇO¦bÇ ³�Ê ² 8 H .W*I.W9)X3^%QR958t'2PR*78)95(+G3M�P3Q3(+6 H 85eÉ.W9)M�8567³:(7GR()^%9_aô(Wa�E3GRP T (r), g(r) = const,
'

6<;@BOQ@.)(�PO,!(]._;%X5138 J 8 J .W*]. ρ = ρ0 exp(−h/Hp), J ,!( Hp = <T/µg. K .)eR9)P Hp

,@;@?2.W9)M�8567³:(7G
&�(+M�;%P�^!Àm8W;@13[@.ËP¯13(+eR95GR85131385e£*]'5(-*-,!T�6

M = M�, R = 10 H M½P Tef = 106 Ð a
Ø '5(<,!(+M½854)8)*]1@.IQ3(+13PR?�±

δ ≡ (∂P/∂ρ)T

(∂P/∂T )ρ

, U0 ≡
6acT 3g

κcP α2P 2

√

2Pδ

T
. (8.8)

² G3P0c+958)M
U0

/:45(-*]G@.W*7M�(7G313.W?r'5(<;%P3Q3P313.R^).�,@;@?0PO,!(]._;%X5138 J 8 J .W*]. δ = T/ρ,
(76<;%P

µ = const.Á`8 J ,�.p'5')8],@?A'567E38)M�8 J .W95(<;%X51RBO× '5(<;%P3Q3P31YB
ξ
9Z. H BO×0^�QY958 ∇ = ξ2 + ∇ad − U2

0 ,
M�8_¾t138

ER8W;@BOQ3PR9)X26-;@(<,%BO×�g0(7(0BOG@.W'513(71RP3(�,@;@?
ξ
±

(ξ − U0)
3 +

8U0

9

(

ξ2 − U2
0 +∇ad −∇rad

)

= 0, (8.9)

H 8)9)85G385(´P3M�(+(+9t'567( J 8Ï8],%P31¯')(+gi(+6+9)'5(7131RT�e H 8)G3(713XR^39_aô(Wa ∇ 8)E3G3(<,%(-;@?R(+956�?N87,!138)*71@.IQ31383a
² B)6+95X H 8)13'5( H [3PR?ÍERG385P36sC58],%PR9S'F[3(+1R95G3.Z;%X513TmCÍ854W;!.W6+9I?YCå*7'5(+*<,!Tfa ² G3P r → 0, κ

P
')67(�95(+G3M�87,!P31@.WM�P3Q3(76 H P3(´'5(-;@P3Q3P313Tÿ6+9)G3(7MÕ?Y956�? H ¶ H 8513(+Q313T�M�¼�[3(71Y95G@.Z;@X513T�MV*71@.IQ3(71RPR?3M�^9)8 J ,�. H . H g → 0.

² 85c-9585MÕBÏ'54Z;%PR*]PÖ[R(71R9)G@.
U0 → 0.

Á�8 J ,�.´PR*Ë¶ÐõRaô÷D¼�6<;%(<,%B)(+9_^3QY958rP ξ → 0,.Ë6-;@(<,!85'5.W95(<;%X5138 ∇ ' ∇ad. =⇒ À�9)GRB H 9)BOG@. H 851R'5( H 9)P3'5138 J 82?h,!G@.r*]'5(-*-,!T�6<;!.)458Ë*I.W'5P367PY9
8W9t1R(785E3GR(<,!(<;%(7131R856+9)PL95(78)G3P3P H 851R'5( H [RP3P�a
� 851R'5( H [RPR?£'Ë*78513(f?O,%(7G3138 J 8 J 85G3(+13PR?¯E3(7GR(7M�(+ð0P3'D.)(-9p'5(-gi(+6+95')82P¿9_a H a tconv � tnuc,

958

X̄i =
1

Mconv

∫

Xidm. (8.10)

j E385')(7G5CY13856+9)P\*]'5(-*-,!T
g, κ, T

P
cP

6+95GR(7MÕ?R9)6�? HFH 8513(+Q313T�Md*]1@.IQ3(+13PR?3M�^`.
P
/ H ýR^ER85c+9)85MÕBÖ'58r'51R(+ði1RPYC H 8513')( H 9)P3'513TmC¿*7851@.ZC U0 � 1. µ 8I¾t138rE38 H .W*].W95X¯¶¸67M�a ² G3PY;@8_¾i(713P3(ÂI¼-^]QR9)8�6�G3856-9585M

U0 ∇ → ∇rad

/�678 J ;%.)671380¶ õYaôÑh¼�c-958
*]1@.IQ3PR9_^_QR9)8 Lrad
r → Lr,

9_aÒ()a H 8513'5( H [3PR?6-9Z.)1385')PR956�?NM�.Z;%85c+³´( H 95PR'51385e�a² G3PåE3G38)M�(+¾ÏBO9)85Q313TmCS*71@.IQ3(71RPR?YC
U0

GR8W;%X H 8)13'5( H [3P3P½6-Bhgi(76-95'5(+131@.R^�P\,3;@?å85E3G3(q,!(-Ú;@(713PR?A')(-;%P3QRP313T ∇ 6<;%(<,@B5(+9NG3(+ði.W95XÖBOG@.)')13(713PR(N¶ÐõRaô÷D¼-a�Á�. H P3M©854)G@.W*]8)M�^�13(q,!856+9Z.Z9 H PA;%8WÚ
H .Z;@X51385eñ9)(785G3PRP H 8)13'5( H [3P3PS67PY;@X513(7e\')67( J 8n6 H .W*7T�'D.)×�9)6�?S1@.N6-95GRB H 9WBYGR( H 8513')( H 9)P3'513TmC8)458W;%85QR( H a

ö7Ù



Z ¤b¥`«3¥b¦b¢Y§5¨�Ç�%V§5È!¢h«3¥bªf!§5«3Ý
² 856 H 8W;%X H B P = Pg + aT 4/3,

− Gm

r2
ρ =

dP

dr
=

dPg

dr
+

4a

3
T 3 dT

dr
.

Ø *]8)13(�;@BOQ3P36+9)8 J 8tE3(7GR(7138567.R^%678 J ;%.)67138L¶�öYaÃÂIýD¼<^

Lr = − 16πacr2

3κρ
T 3 dT

dr
,

ER85c+9)85MÕB
dPg

dr
= −ρGm

r2

(

1− Lr

Lc
r

)

, J ,!( Lc
r =

4πcGm

κ
. (8.11)

S 6<;%P
εν = 0

P
∂/∂t ' 0,

958
dT/dr < 0.

² 8)c+958)MÕBNE3GRP
Lr > Lc

r

PR*iB56<;%85'5PY?
dPg/dr > 06<;%(<,@B5(+9_^�QR958

dρ/dr > 0,
9_aô(Wa@9Z.)M�^ J ,!( Lr > Lc

r

EY;%8)9)13856+9)X J .W*].Ï')8)*]G@.W6+9Z.)(-921@.WGRBh¾tB)a
� 8 J ,!.V9Z. H .W?ù6+PR9)B5.)[3PR? '58)*713P H .)(-9©'58½'51YBO9)G3(71R13PYCd854Z;!.)6+9I?OC�*7'5(+*<,!Tf^�958óPR13'5(7GR67PR?

EO;%8)951R856+9)PnE385G38I¾r,�.)(+9 H 8513'5( H [3P3×Î^�'56<;%(<,%6+95')P3(iQ3( J 8 Lrad
r

6+9Z.)1R85'5PR9)6�?nM�(713XWði(
Lr,

P¯P31YÚ
')(7G36+PR?åEY;%8)9)13856+9)P½P36+Q3(+*].)(+9_a K 8n(76<;%P Lr

ERG3(7'5T�6+PR9ñ')(-;%P3QRP31RB
Lc

r

'54W;@PR*]PSE385')(7G5CY13856+9)P
*7'5(+*<,!Tf^ J ,!(£PR*+Ú *I.AM�.Z;%85eåEY;%8)9)13856-95P H 8513')( H [3PY?½M�.Z;@85c7³:³:( H 9)P3'51@.Y^Õ958F13._QRP31@.)(-956�?ÍPR6-Ú9)(7Q3(+13P3(£'5(+g0(76-95'D.A'A8 H GRBh¾Ë.)×
gi(+(£ERG3856+9)G@.)136-95'58½¶¸*7'5(+*<,!13T�eå'5(+9)(7G%¼´/o9Z. H 85'AM�(-CD.)13PR*7MER8)95(+G3PNM�.)6+67T#B J 85GD?RQ3PYC¿*]')(+*-,ka
² G3P

κ = κT Lc ' 3 · 104L� · (M/M�)
/rc+9Z.i'5(<;%P3Q3P313.01@.W*7T�'D.)(+9)6�?£��,3,!PR1 J 9)851385'WÚ6 H P3MVE3G3(<,%(-;%85M�a

ö+ö



����������	\[ ��ÿ�������Õ	 �!���º	��Nç¯� è����� ��������^]
$���	 ���������G	��U�`	b���������
	 �¿ó� ���`_½����� "� ���"%$��

ú�Ç3¨�%¬©§5Yâ�¤`Ç3¬b¢h¬`¥u% �D¬b¢h¤'!W¥`¥
² B)6+95X

εnuc

¶¸c7G J u J u 6I¼´/\6 H 85G3856-95XF')T�,!(-;%(+13PR?Vc713(+G J PRP½'A?O,!(+G313TmCåG3(7. H [3PR?OCå45(+*¿BOQ3(-9Z.c+13(7G J P3P�^%BO13856+P3M�85e£13(7eR9)G3P3138R^�. εν

¶Ðc7G J u J u 6I¼�/tBI,%(-;%X513.W?£M�8)gi138)6+95Xt13(7eY95G3P31R138 J 82PR*+;@BDÚQR(713PR?�^�13(Î67')?Y*I.)1R138 J 8Ö6´?O,!(+G313T�M�PnG3(7. H [3PY?3M�P�a�Á�8 J ,�.r,@;@?N9)851 H 8 J 8Ö67³:(7G3PRQ3(76 H 8 J 8¿6-;%8I?»:M�.)6+6785e
dm

E3(7G3')T�e¯*I. H 8)1£9)(7G3M�87,!P313.)M�P H P¯E3G3P3M�(-92'5Ph,b±

dQ = εnuc dm dt− dLm

dm
dm dt− εν dm dt =

[

dE + Pd

(

1

ρ

)]

dm =⇒
(

∂Lm

∂m

)

t

= εnuc − εν −
(

∂E

∂t

)

m

+
P

ρ2

(

∂ρ

∂t

)

m

. (9.1)

� . H 85'å³:PR*]PRQ3(76 H P3eù67M�T�6<;d6-;%. J .)(7M�TmCÿ6ÉE3G385PY*]'587,!13T�M�P�E38½'5GR(7M�(71RP$� > ;3?ÿ8W95'5(-9Z.13.Nc+9)8)9A'585E3GR8562E3GR85P31R9)( J GRP3GRB5(+M BOG@.)'51R(713P3(É¶Ð÷RaÃÂ_¼:8W9Aý¿,!8
M
^`BOQ3PR9)T�'D.W?�^�QR958

t
P

m
/

1R(+*I.W'5P367PRM�T�(0E3(+G3(7M�(+1313T�()a ² B56-95X
Lγ

/pER8W;%1@.W?£³:8)9)85131@.W?£6+'5(+9)P3M�856+9)Xt*7'5(+*<,!Tf^�.
Lnuc =

∫

εnucdm
P

Lν =
∫

ενdm
/t?O,%(7G31@.Z?¯P¿13(+eR95GRP3131@.W?N67'5(-95P3M�8)6+95XÏ*]'5(-*-,!T�67858)9)'5(+9)6+9)'5(7131R83a

M
∫

0

(

∂E

∂t

)

m

dm =
∂

∂t





M
∫

0

Edm



 =
∂E∗

∂t
, J ,!( E∗

/2E38W;@1@.W?¿95(+EY;%85'D.Z?¯c+13(7G J PR?£*]'5(-*-,!Tfa

Ø 8)*]X5M�(+MNP31Y95( J G@.Z; I =
∫

P (∂ρ−1/∂t) dm
E38
Q@.)6-9I?3M�^IE38W;%. J .W? u = P, dv = (∂ρ−1/∂t) dm.Á`8 J ,�. du = dP/dm dm = −Gm dm/4πr4,

v =

∫

(

∂ρ−1/∂t
)

dm =
∂

∂t

∫

dm

ρ
=

∂

∂t

∫

4πr2dr =
∂

∂t

(

4

3
πr3

)

= 4πr2∂r

∂t
=⇒

I = 4πr2P
∂r

∂t

∣

∣

∣

∣

M

0

+

M
∫

0

4πr2∂r

∂t

Gm

4πr4
dm = 0 +

M
∫

0

∂r

∂t
· Gm

r2
dm = − ∂

∂t

M
∫

0

Gm

r
dm =

∂U

∂t
=⇒

∂(U + E∗)

∂t
= Lnuc − Lν − Lγ .

S 6<;%P
Lnuc = Lν = 0,

958Ï,3;@?N*7'5(+*<,!Tf^�6+856+9)8_?Ygi(+eÉPY*iPO,!(7.Z;%X51R8 J 8 J .Z*I.26 γ = 5/3
¶�,3;@?

H 8)9)85G385e E∗ = −U/2),
E38Z;@BOQ3P3M�±

Lγ = − 1

2

∂U

∂t
.

¶�Â]Ñh¼
À�;@(<,!85'5.W95(<;%X51383^O6-;%. J .)(7M�8)(�6�')G3(7M�(+1313T�M�PpE3GR85PR*]')8],%13T�M�Pp'Ö¶Ð÷RaÃÂ_¼Õ85E3P36+T�'D.)(+9i'5T�,!(-;@(713P3(c+13(7G J P3P½*].o6+Q3(+9FG@.)458)9)T 67PO;Í9I? J 8)95(+13PR?�a Ø ,�.)13138)M 6-;3BYQ3.)(

(γ = 5/3)
G385')138oER8W;%85'5POÚ

13.¯678)'5(7GRði.)(7M�8)e\G@.)458)9)TUPO,!(-9L1@.N13. J G3(+'N*]')(+*-,%Tf^�.NER8W;%85'5PR1@.Ö/LBY1R8567PR9)6�?\PR*-;@BOQ3(713PR(7M13.)GRBh¾tB)a

ö �



a Ç3«3¢hªfÇ3«R¥`¦b¢O§5¨�Ç�%½¡¯%¤`ª�ãY°�¥b¤b!È%¨�ÇnÜhÇOÞÕÇh¦`¥

(

∂r

∂m

)

t

=
1

4πρr2
,

(

∂P

∂m

)

t

= − Gm

4πr4
,

(

∂T

∂m

)

t

= −∇T

P

Gm

4πr4
,

(

∂Lr

∂m

)

t

= εn − εν −
(

∂E

∂t

)

m

+
P

ρ2

(

∂ρ

∂t

)

m

.

² G3PRQ3(7M�±
ERG3P ∇rad < ∇ad

¶ *]8513.r;@BOQ3PR6+958 J 82ER(7G3(+13856].5¼-± ∇ = ∇rad,

(

∂Xi

∂t

)

m

=
εn

Q∗
n

.

E3G3P ∇rad ≥ ∇ad

¶ H 851R'5( H 9)P3'51@.Z?£*7851@.D¼<± ∇ = ∇conv,

(

∂Xi

∂t

)

m

=
L

mconvQ∗
n

.

&%,!(76+X ∇rad =
3κLrP

16πacGmT 4
, ∇ad =

(

d ln T

d ln P

)

S

, P, E, κ, εn, εν − f(ρ, T, Xi).

¶ ¤bÇ3¬b¥`¦b¬bÔÏ¢Lã�§)°`%È!¥u%
Ø 13(-ði1R?Y? J G@.)13PR[@.N¶¸E385'5(+G5CR1R856+9)Xh¼�*7'5(+*<,!T
² (+G3'5T�M J G@.)13PRQ313T�M½B)6-;%85')P3(7MÍ13.ËER85'5(7G5CY13856-95PN*7'5(+*<,!T�?R'W;@?3(-956�?£678)8)95138Wði(71RP3()±

L = 4πR2σT 4
ef

ERG3P
m = M, (9.7)

6+')?R*7T�'D.)×
gi(7(´67')(+95PRM�856+9)X3^�G3._,!PRB)6ÎP£c7³:³:( H 9)P3'51RBO×d95(+M�E3(7G@.Z9)BOGRB5a
Ø *7'5(+*<,!13TmC¯.W9)M�8567³:(7G3.ZC¿95(+M�E3(7G@.Z9)BOG@. J .Z*I.0¢ÿE3GRP τ < 1

M�(+1R?3(-956�?¯6-;!.W4583a Ø Q@.)6-95138)6+95P�^
'ËG@.WM H ._C¿9_aô1�a@c�,R,!P31 J 9585138)'56 H 8 J 8pE3G3P34Z;%PR¾r(+13PR?F¶�,@;3?¯EO;%856 H 85eN.W95M�8)67³:(7G3T
¼<±

T = Tef (0.5 + 0.75τ)1/4.

Á`8 J ,�.R^RE38W;!. J .Z? T ' Tef

P
mr 'M,

PR*:BOG@.)'51R(713P3e
dP

dr
= −ρg ≡ −ρ

GM

R2

P dτ

dr
= −ρκ

8 H 8513Q3.W95(<;%X5138ÏE38W;@BOQ3PRM�±

ρph<Tef

µ
' g

κph

E3G3P
m = M, (9.8)

² G3PËPR*7'5(76-95138)et*I.W'5P367PRM�856+9)P
κ = κ(ρ, T )

c-958´67858W95138)ð0(713PR(�6<;@Bh¾2PR9´')9)85G3T�M J G@.)1RP3Q313T�MB)6-;%8)'5P3(7M�^ 6+')?R*7T�'D.W?#'5(-;@P3Q3P313Tcb´^
ρph

P
Tef . d P3M�P3Q3(+6 H P3e�67856-9Z.)'½P#M�.)6767.S*7'5(+*<,!T /

E3.)G@.)M�(-95G3T�*]._,�.IQ3P�a
e (71R9)G£*7'5(+*<,!Tfa
Ø [3(+1R95GR(Î*]')(+*-,%T�P3M�(7(+M½(+6+95(+6+9)'5(7131RT�(iB56-;@85'5PR?�±

r = 0, Lr = 0
E3G3P

m = 0. (9.9)
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í 85GRM�.Z;%X5138n'NE3G@.)'5TmCñQ@.)6-9I?YC\BOG@.)')13(713PRe�¶Ð÷Ra?�D¼ÎP#¶ ÷YaôÑh¼:E3G3PèðgffýLP3M�(+(+9)6�?V6+P31 J B_;3?3GYÚ1R856+9)X¿9)P3E@.
0/0,

ER85c+9)85MÕBnQ3P36<;%(71R1385(ËG3(+ð0(713PR(Ï8)671385')1385eA67P36-95(+M�T 6-;@(<,%B)(+9L13._QRP31@.W9)X£1R(
PY*A[3(71R9)G@.R^ .\PR*A13( H 8)9585GR85eÿM�._;%85eó( J 8S8 H G3(+6+951R856+9)P�a�éÎ( J7H 8åE38 H .W*I.Z95X3^�QY958S1@.\M�.Z;%85MG3.)676-958I?313PRPÄð 8)9Ï[3(71Y95G@.R±

ρ = ρc, m =
4

3
πr3ρc, P = Pc −

2

3
πGr2ρ2

c, Lr = mξc,

ξc ≡ εc
n − εc

ν −
(

∂E

∂t

)

c

+
Pc

ρ2
c

(

∂ρ

∂t

)

c

,

T = Tc −
2

3
πGr2ρ2

c

γcTc

Pc

/Ö.I,!P@.)4D.Z95P3Q3(+6 H .W? H 8513'5( H [3PR?�^

T = Tc −
κcξcρ

2
c

8acT 3
c

r2 /Ï;@BOQ3P36-95T�enE3(+G3(7138)6)a

a ¢h«3hÞÕÔ ¤b¢�#o¢h¬b¥&%�ï
ÂI¼ µ (+9)8],%$ 'D.)GR[RðiPY;@XZ,�.2£�¹5¼ µ (-9587, d (713X)PM£$�D¼ � 85M�45P313PRG385'D.)1R13T�e¯M�(-9587,

ö/@



���������
	��ih kjÉ ����l_½���
	 "� ���"@$ $:� �"���� ����-]������$�f�!$:�� ���	`����â������`	b�
Z @°`°`Ç3®`§¯¥`§_â!hÞÕ¬bº!Wñ%ß@°�Ç3¨�Ç ¶Ð6+³:(7G3P3QR(76 H PN67PRM�M�(+95GRP3Q313T�e%¼
µ * B56<;%85'5PY?

GM2/R > 1.5kTo · (M/µmp)
6�BOQ3(+9)85M

ρ 'M/4R3
E38W;@BOQ@.)(+M�^hQR958Î854W;!. H 813._QR13(+9t6�¾2PRM�.W95X56�?¯E387,£,!(7e36-95'5PR(7MÍ67.)M�8 J G3.)'5PR9Z.)[RP3P�^%(76<;%PN( J 8ÏEY;%8)9)13856+9)X

n =
ρ

µmp

≥
(

1.5kTo

µmpG

)3
1

4µmpM2
' 4 · 105

(

To

30

)3(
2

µ

)5 (
M�

M

)2 6+M
−3. (10.1)

¶ H G3PR9)(7G3PRe > ¾tP31367.D¼-a�&�1@.IQ3(+13PR? n ≥ 105
67M

−3, T ∼ 30 Ð P
µ ' 2

CD.)G@. H 95(7GR13T ,3;@?
')1RBh95G3(+1313PYC¯854W;%.)6+9)(7e J ;@854)BI;LP£M�8W;%( H BI;@?3GR13TmC£854W;!. H 8)'3a² 856 H 8W;%X H B Fgas = ρ−1dP/dr ∝ To/R,

.
Fgrav = GM/r2 ∝ 1/R2,

E3G3PAPR*]8W95(7GRM�P3Q3(-Ú
6 H 85Må¶�àÄ¼k6�¾r.W95P3P0854W;!. H . Fgas

G@.W6+95(-9fM�(<,3;%(7131R(7e�^WQ3(7M
Fgrav ,

E385c-9585MÕB´'56 H 8)G3(mE38)6-;%(�1@.IQ@.Z;!.6�¾r.W95P3(´E3(+G3(-C58],%PR9p'ÏG3(+¾tP3Må67'58)4587,!138 J 8 H 8W;3;%.)E36].Ya
Û ¤b%«3@ÜhÈ%¢hÜ)ÞÕÔ
� 8W;R;!.)E36fE3GR85P36sCD87,!PY9p*I.r'5G3(+MÕ?�±

tff '
1√
Gρ
' 5 · 104 M/M�

(To, K/30)1.5

;%(+9_a
(10.2)

Ø E3G38)9)8)*]'5(-*-,!1R85MS854W;!. H (�,�.)'W;%(+13P3(�P2EY;%8)9)13856+9)Xr1@.)G@.W6+9Z.)×
9 H [3(71Y95GRB)a ² 85c+9)85MÕB5^Y678 J ;%.)6-Ú1R8¿¶�ÂIýYaº¹5¼<^ H 8Z;3;!.)E36�E3G38)9)( H .)(+9Ï13(+87,!1385G387,!1R83±R[3(+1R95G3.Z;%X513T�(f8)4W;!.)6-95PÖ6�¾tP3M�.)×�9)6�?Ö45T�6-95G3(+(ER(7G3(+³´(+G3P3Q3(+6 H POC�a² 856 H 8W;%X H B τ ∝ ρR ∝ 1/R2,
8)4W;!. H 8¿E38¿M�(7G3(r6�¾r.W95PR?É6-9Z.)1385'5PY956�?ñ')67(r458W;@(7(r13(+E3G38WÚ*7G@.IQ313T�M�a���958oE3G3P3')8],%PR9 H G3856-9)B\95(+M�E3(7G3.W9)BOG3Tf^�PV6<;%(<,!8)'D.W95(<;%X5138R^ H 458W;%(+(¿45T�6+9)G385MÕBGR856+9WBÖ,!.)'W;%(+13PR?�^@QR(7MÍ'ÏG3(+¾tP3M�(:PR*78)95(+G3M�P3Q3(+6 H 8 J 8 H 8W;R;!.)E367.Ra�ÀmPY;%X513(+eL'56+( J 8Ïc+9)82E3GR8_?R'WÚ;3?3(+9)6�?L'Ï[3(71Y95G@.Z;@X513TmCN854W;!.)6-9I?YC�^ J ,!(ÎEO;%8)951R856+9)XpG@.)6-95(+9p1@.)P3458Z;%(7(´45T�6+9)G383a Ø H 851R(7Q3138)MPY958 J ( J G3._,!P3(+1R9Î,�.)'Z;%(713PY?26-9Z.)1385'5PY956�?Ö6+G@.)'513PRM�T�Mñ6 Fgrav,

P2'´[3(+1R95G3(�854W;!. H .:'58)*713P H .)(+9
J PO,!G38)6+9Z.W9)P3Q3(76 H PÍG@.W'51385'5(+67138)(p?O,!G38¯/É*].)G387,!T�ð�*]')(+*-,%Tf^ H 8W9585G38)(ÖP3M�(7(-9oM�.W676+B ∼ 1

þ
M�.W6767T 854W;%. H .Ra Â ,!GR8ÖE3G38)9)8)*]'5(-*-,!Tæ13(i'5Ph,!138Ö'p85EY95P H (ËPR*+Ú *I.p458Z;%X)ði8)eL85ER9)P3Q3(76 H 85eÉ9)8W;3Úg0Pt8)458W;%85Q H P�a > .Z;@X513(7eYðr.W?Ëc+'58W;%×�[3PR?ËE3G38W958)*7'5(+*<,!Tå/Îc+9)80. H3H G3(+[3PR?Ï'5(+g0(76-95'D.:85458W;@85Q H P13.N[3(71Y95G@.Z;@X51385(2?h,!G383abÁ�8)G3M�8I¾r(713PR(2E@._,!.)×�g0( J 8 J .W*I.LE3GR85P36sCD87,!PY9A'NB],�.)G3138)eñ'58W;%1R(21@.')13(+ð013(7e J G@.)13P3[R(�?O,!G3.Ra3ÀV9)(7Q3(+13P3(+MV'5GR(7M�(71RPpM�.)6767.Î?O,%G@.0G@.)6-95(-9_^3.0854)8W;%85Q H PtBOM�(713XWðr.ZÚ(-956�?�a Ø H 8513(+Q31385MoPR958 J (�8)458W;%85Q H .:6+9Z.W1385'5PR9)6�?pE3GR8)*]G@.IQ31R85er,3;@?Ï85ER95PRQ3(76 H 8 J 8iPR*-;@BOQ3(71RPR?�^P¯1@.tc-9585Mó³´.W*].tE3GR8)958)*7'5(+*<,!Tù*I.)')(7GRði.)(+9)6�?�a K .)4W;@×�,�.)(7M�8)(Î't'5PO,!P3M�8)eN854W;%.)6+9)PL67E3( H 95G3.J PO,!G38)6+9Z.W9)P3Q3(76 H PAG@.)'51R85'5(76+1385(f?O,%G38ËE3G3P31R?Y958t1@.W*]T�'5.W95XÏM�8W;%87,!85e¿*]')(+*-,%85e�a

a @°�DÞ�ÔË¢NÜhÈ%¢DÜ)Þ�Ô ªfÇR°�%äóªfÇ@§D§5Ônm apo ü8¡�³
M�

B
é´P31RPR?ó1@.É,!P3. J G@.WM�M�( lg L − lg Tef ,

6+858)95')(+956-95')BO×
gr.W?ÿE38W;%8I¾r(+13P3× M�8W;@8],%TmCÍ*]')(+*-,
G3.W*]138)eÉM�.W6767T 'ÖM�85M�(+1R9_^ H 8 J ,�.Ö85458Z;%85Q H .p6+9Z.W1385'5PR9)6�?ÉE3G38)*7G@.IQ31385e�^�1@.W*]T�'5.)(+9)6�? ø%é5q@é%í rs ÷utÿèZí q@é�v%wyxWízwZè_a Ø c-958)9ÖM�8)M�(71R92M�8W;%87,!T�(Î*7'5(+*<,!Tù60M�.W67678)e

M < 2− 3 = �

E38Z;%13856-95X5×
H 851R'5( H 9)P3'513Tfa�E�E3G3(q,!(-;%PRMÍ³:85G3MÕBÖPYCp95G3( H .Ï1@.Ë��Ú ò ,%P@. J G3.)M�M�()a
µ M�(+(7M�±

Tc ∝ M/R
P

ρc ∝ M/R3.
Áma H a S ∝ ln(T 3/2/ρ) ' const

' H 851R'5( H 9)P3'5138)eN*]'5(-*-,!(W^9)83±
T

3/2
c /ρc ' T

3/2
ef /ρph.

� G385M�(29)8 J 8nP3M�(+(7M�± L ∝ R2 T 4
ef

P
ρph Tef ∝ M/R2/κph.

S 6-;%P
κph ∝ T 4

ef ρ0.5
ph ,

9)8 H 85M�45PR13P3GRBW?Nc-95PN6+858)9)138)ði(+13PR?¯E38W;@BOQ3PRMV95GR( H d .W?Rð0P�±
lg L ∝ 62 · lg Tef . (10.3)

ö V



Á�aô8Ra�6�¾Ë.W9)P3(oERG385P36sC58],%PR9óE385QY95P�ERG3P�E38)6+958I?R131385e
Tef :

95G3( H E38)QR95Pÿ'5(7GR9)P H .Z;%X51RT�e�^�P
L ∝ R2.

4.2 4 3.8 3.6 3.4 3.2 3

-5

-4

-3

-2

-1

0

1

2

3

+%zZ�-,Z|�_}z{��-�-y�|b{Zz_�-�_�������<�Z���_z��3�<yW� � ����0��+�p0 � ,�õÕ�Z��»��Iw-�3z��-�-�3���_���Z���Z�<yZ��»m���_z_�M�M���z}n�º0��+�p0 � ú`���_x+z_��wc;�<�_���]���<yZ�+�_z_�Iw-�3z�~ 0��-�r0 � �<z_�Zw�v¯�<��yZ�-{Zw<;_wm�_�_�����<z_�]�+��~ �]�-�_z_�Z�_���+�-���m�Iw<�IyWz_�Iw��â�������� Ù+Ù � }',

À½,!GRB J 8)e¯6-9585G38)13Tf^%678 J ;!.W67138L¶�Â]Ñh¼<^

L ∝ − dU

dt
∝ d (M2/R)

dt
∝ − 1

R2

dR

dt
=⇒ 1

R2

dR

dt
∝ −R2 =⇒ R ∝ t−1/3,

9_aÒ()a%E38ËM�(+G3(ÎERG3P34W;%PY¾r(713PY? H � ² 6�¾Ë.Z95P3(:*I.)M�(q,@;@?R(+956�?�a
Ø 82'51RBh9)G3(7131RPYCA6-;@8_?OCN*7'5(+*<,!T

κ ∝ ρ T−7/2
¶¸*]. H 851 � G@.)M�(+G36].D¼<a ² 856 H 8Z;%X H B¯' H 8513')( H Ú9)P3'5138)eL*]8513(

ρ ∝ T 3/2,
E38W;3BYQ3.)(7M�^�QR958

κ ∝ 1/T 2
'Z,!8W;%XtG@._,!PYB56].2*7'5(+*<,!Tf^�9_aÒ()a�P3M�(7(-9¿M�PYÚ

1RP3M�.Z;%X51R85(´*71@.IQ3(71RP3(i'2[R(71R9)G@.Z;%X51R85en854W;!.W6+95P�a ² 8tM�(7G3(Î6�¾Ë.W95PY?
Tc

G@.)6-95(+9
(Tc ∝ M/R)

^
ER85c+9)85MÕBË'51@.IQ@.Z;@(�'´[R(71R9)G3()^Y.�*I.W9)(7MFPË':( J 8Î8 H G3(76-95138)6+95P2'5(+g0(76+9)'5806-9Z.)1385')PR956�?2'567(�458Z;%(7(ERG38)*]G3._QR13T�M½,@;@?¯PR*+;@BOQ3(+13PR?�a Ø GR(+*7BI;%XI9Z.W9)(iB¿M�8W;%87,!TmC£*]')(+*-,A6

M > 0.8 = �

³:85G3M�P3GRBDÚ
(-956�?¿;@BOQ3P36-9585(´?O,!G38ËP£8513P£E3(7GR(-CD87,%?Y9p1@.i9_aÒ1�a3;@BOQ3P36-95T�eN9)G3( H a
� 85M�4)P313P3GRBW?N6+858)9)138)ði(+13PR?

T 4
c /R ∝ κ ρ L/R2, Tc ∝ M/R, ρ ∝ M/R3

P
L ∝ R2 T 4

ef

6
*]. H 851385M � G@.)M�(7GR6].ËE38W;@BOQ3P3MV³:85G3MÕBp9)G3( H .t'Ëc-9585MÍ6<;@BOQ@.)(W±

lg L ∝ 0.8 · lg Tef . (10.4)

ö �



&�')(+*-,%TF6
M < 0.8 = �

E3G3PYC587,%?R9�1@. J ;%.)'51RBO×åE3856-;@(<,!85'5.W95(<;%X513856-95X�ER8W;%13856-95X5× H 8513')( H Ú9)P3'513T�M�P�a ² 8LM�(7G3(ÖPOCñ6�¾Ë.Z95PR?
Tc

G@.)6-95(-9_^�138n8)951R8)ði(+13P3(
T/TF

BOM�(+13X)ðr.W(+956�?�^Õ9_a H aÕ85138
∝ T/ρ2/3 ∝ M1/3R,

E3G3P3Q3(+M�45T�6-95G3(+(Ë,@;3?n*]'5(-*-,SM�._;%TmCAM�.)6+6)a�jU*7'5(+*<,\6
M < 0.08 = �,!.)'W;%(+13P3(i'5T�GR8_¾r,!(+13138 J 8 J .W*I.p8)6+9Z.)1@.W'W;%P3'D.W(+9ÖG38)6+9 Tc

,!829)8 J 83^ H . H 851@.ÏE387,!13P3M�(-956�?L,!8')(-;%P3QRP313Tf^Õ13(+854]CD87,!P3M�8)e\,@;3?F958 J 83^ÕQY958545TU?h,!(7G31RT�(£GR(]. H [RP3P\E387,3,!(+Gh¾tP3'D._;%P\95(7EO;%85'585e45.Z;!.)136f*7'5(+*<,!Tfa%ÁÕ. H PR(f854?�k( H 95T�13.W*]T�'D.W×�956�? H 85G3P3QR13(7'5T�M�P H .WGY;%P H .)M�P�a
ò .)676+M�8)95GRP3Mÿc-958)9¿')85E3G3856ÎE387,!G3854)13(7(Wa � 8 J ,�.21@.IQ3PR1@.)(+9)6�?A'5T�G38I¾r,!(713PR(rc-;%( H 95G38)13138 J 8J .Z*I. P = ρ<T/µi + K0ρ

5/3.
² 856 H 8W;%X H Bñ'LER8W;%PR9)G385E3138)eå*7'5(+*<,!( Pc ∝ M2/R4

P
ρc ∝

M/R3,
P3M�(+(7Må,@;3?¿E@.)G@.)M�(-95G38)' J .W*].Ï'Ë[3(+1R95G3(W±

Tc = a1
Pc

ρc
− b1 ρ2/3

c = a2
M

R
− b2

M2/3

R2
, (10.5)

J ,%( ai, bi

/2E3856-958I?3131RT�(0'5(<;%P3Q3P31RT#,@;@?2,�.W13138 J 8tP31h,!( H 6].ÏE38W;%PY95G385ERTfa!Á`8 J ,�.R±

dTc

dR
= − a2 M2/3

R2

(

M1/3 − 2b2

Ra2

)

=⇒ Tc = T max
c =

a2
2 M4/3

4 b2

E3G3P
R = Rc =

2b2

a2M1/3
.

À�Bhg0(76+9)'5(71R1383^�QY958ÏE3856-;@(:9)8 J 8R^ H . H R
6+9Z.)13(-9

< Rc

'5(<;%P3Q3PR1@.
Tc

13._QR13(+9ÏBOM�(713X)ði.W95X)6�?�à

+%zZ�-,5| � } �0s�3���_���_z_�`{_���_�-�ZwqyZ�+�_�=.
�<���3�_���Zw<�-�7���¿z �-�-�_�+��z_�<��yW�-�_�+�����+�IyWw � wÕ� � ���Z�_�=.
���-���<zZ�3�+���<z
�`�<���Z����_z_���t�-�Z���3���Zz�� 0��-�r0 � �-x-yZzc0�z��_�_� � ��y)wWõÕ�]�@w-�Zwc,

Ø G3(7MÕ?£6�¾Ë.W9)PR?p,!8 J ;!.)'5138)e¯E38)6-;%(q,!85'D.W9)(-;%X)13856+9)PS¶¸ð H .Z;!. � (<;%X5'5PR1@.ZÚ��O(-;%X)M J 8W;%X)[@.D¼-±

tKH ∼
GM2

R L
' 3 · 107

(

M

M�

)2
R�

R

L�

L

;%(-9_^
(10.6)

ERG3P3Q3(+M\'5(-;%PRQ3P313T
R
P

L
6<;%(<,@B5(+9ËERG3P313P3M�.Z95X0G3.)'513T�M�PÏ*]1@.IQ3(+13PR?3M\13.Î� ² a

tKH

E3._,�.)(-906
GR856+9)85M½M�.)6+67Tf^39_a H a%1@.Ë� ² ¶Ð6+M�a@6-;%(q,%BO×�gÎBY× é´( H [3PR×f¼ L ∝Mn, J ,!( n > 2

P
R ∝M =⇒

tKH ∝ M−n.
> ;@?Ö*7'5(+*<,A6

M < 0.8 = � tKH >
'58)*7G@.)6+9Z. Ø 67(<;%(71R1385e�a

ö �



² (+G3(<, J ;!.)'51R85eÿER856-;%(q,!85'D.Z95(-;@X513856-95X5× BÍ*]'5(-*-,�6
M > 0.8 = �

'å[R(71R9)G3(oER8_?R'W;@?R(+956�?
H 851R'5( H 9)P3'51@.Z?¯*7851@.R^@138ËE3GRP M > 2 = �

8513.ËPR67Q3(-*I.)(-9p(+g0(f,%8tE3GRPYCD87,�.Ï1@.Ë� ² ^%.iBÖ*]')(+*-,
M�(+13X)ð0PYC£M�.)676�/2E3856<;%(´1@.IQ@.Z;!.rG3(7. H [3P3e p− p

[3P H ;%.Ra
êÏ§5%ß%¢h¬`¬b!§5«3¥Í¨�@°b°�Ç3®`§5ÇF®b¤b¥Íã�¦`¢h«3¢¯È%¤`ÇvëÉ¢h¬`¥u%Í%ß@°`Ç3¨�Ç�Ê
µ *-Ú *I.i,!P3³:³:(7G3(+13[3P@._;%X5138 J 8p'5G@.Zgi(71RPR?A�R._;!. H 9)P H PLE3GR8)958)*7'5(+*<,!13T�(r854Z;!. H .t'5G3.Wgr.)×
9WÚ6�?Ï'58 H GRB J 8)67P�^59_aÒ()ahP3M�(+×�9i1R(71RBI;%(+'585eËB J ;@85'585etM�85M�(71R9 J 'MR2ω

a Ø E3G385[R(7676+( H 8W;3;%.)E36].')(-;%P3QRP31@.
J
E38)QR95Pt13( M�(71R?R(+956�?�^YER85c+9)85MÕBË6 H 85G38)6+95X0'5G@.Wg0(713PR?Ï854Z;!. H .´G3.)6+9)(+9 (ω ∝ R−2),PÖ8)138iE3G3PR8545G3(-9Z.)(+9Ï³:85G3MÕBtc-;3;@P3E3678)PO,�.Ra S 6<;%P

J
,!856-9Z.W958)Q3138Ï'5(-;%P H 8R^R' H . H 85ep9)8ÏM�8)M�(71R9[R(71R9)G38545(-¾21@.Z?S67PY;!.L13.Lc H 'D.Z9585G3( ω2R

6-9Z.)13(-9o4)8W;%X)ð0(Ö67PY;%T 9I? J 8)95(+13PR? GM/R2,
På8)4WÚ

;%. H 8nG@.)67E3._,�.)(-956�?S1@.£,!'5.N³:G@. J M�(+1R9Z.å¶�,!')85e31RBO× 6+P36+9)(7MÕBR¼-a ² G3P\c-9585MùB J ;%85'58)eåM�8)M�(71R98)4W;!. H .�E3(+G3(7eh,!(+9´'f85G34)PR9Z.Z;%X51RT�eÏM�8)M�(71R9f6+P36+9)(7M�Tf^DQR9)8fE38)*7'58W;%PR9 H .W¾r,!85e0PR*�E3G38W958)*7'5(+*<,ERG387,!8W;@¾Ë.Z95X´6�¾Ë.W95PR()a S 6-;%PÏP36sC58],%13T�epM�85M�(+1R9´854W;!. H .�,!856-9Z.W958)Q31380')(-;%P H ^D³´G3. J M�(+1R9Z.)[3PR?M�8I¾r(-9ÖE385'W9585G3PY95X56�?n(-gi(¿¶¸13(76 H 8W;%X H 8h¼ G@.W*5a�ÁÕ. H 85'ÏM�(-CD.)13PR*7Mÿ³:85GRM�P3G385'D.W13PR?Ö,!'585e31RTmCNP
H G@.W951RTmCN6+P36+9)(7M�aS 6<;%Pó¾r(nP36sCD87,!1RT�eÿB J ;%85'58)eÿM�85M�(+1R9S854W;%. H .S1R(n6-;%PRð H 85M '5(<;%P H ^�9)8S' H 8)13[3( H 8W;3Ú;%.)E36].f854)G@.W*7B)(+9)6�?26+G@.)'513PY95(-;@X51380M�(q,@;%(+13138´'5G@.Wgi.)×�gi.W?36�?ÏM�8W;%87,�.Z?i*]'5(-*-,�.Y^D8 H GRBh¾r(+131@.W?
J .Z*]8WÚ E3Tm;%(7')T�MÉ,!P36 H 8)M�^DE3G3P3Q3(+M Md ≤ 0.01Mo,

138
Jd ' Jo.

E�4?�k( H 9)T½c-958 J 8Î95PRE@.´8W958I¾Ë,%(-Ú6-95'W;3?3×�9Î6�13(+E3G@.)'5PO;%X513T�M�PtE3(7G3(+M�(7131RT�M�Pt*]')(+*-,!.)M�PÏ9)P3E@.:ÁVÁ`(-;%X)[@.RahÀ\1@.)4W;@×�,�.W95(<;%X5138)e
9)85Q H Pn*7G3(713PY?N/¯c+958¿6-BY4 J P J .)1Y95Tl6+E3( H 9)G@.Z;%X)13TmC H ;!.)6+6785'±°ÕÌ_Ú = ^!'Ö67ER( H 9)G3( H 8W9585G3TmCn1@.ZÚ4Z;%×�,�.)×
956�?Ëc7M�PR6767PR851313T�(m;%PR13P3PË'587,!85G387,�.�Pi13( H 8)9)85G3TmC0,%GRB J PYCic-;%(+M�(71R9)85'3a � G385M�(�958 J 83^,3;@?Ï13PYCiCD.)G@. H 9)(7G31R8iPR*]4)T�9585Q31R85(i¶¸E38´67G@.)')13(713PR×#6+8´*7'5(+*<,�.)M�P2� ² 95(<CË¾r( 67E3( H 95G@._;%X513TmC
H ;!.)676+85'h¼�PY*+;@BOQ3(+13P3(Ë'2j í P µ�� H 851Y95P31RBhBOM�()aÒò]ÀmGR(<,!13PR(µòñ*]1@.IQ3(+13PR?AE@.)G3.)M�(+9)G385'p*]')(+*-,Á Á�(<;%X5[@.R±

M = 0.8 = �, R = 2
b

�,
E3(+G3P387,Í8567(+'58 J 8A'5G3.Wgi(+13PR? Prot = 3d,

PR1O,%B H [3PR?M�. J 13PR9)138 J 82E38W;3?ÖBÖE385'5(+G5CR1R856+9)P B ∼ 1− 3 H �Y6W^@'58)*]G3.)6+9i/p8)9 105
,!8

107
;%(-9_a

+%zZ�=, Ù ôZ}W~��_���_�-���C0��-�r0 � �<z_�Zw�vNvh��yZ�-{Zw

µ *-Ú *I.Ï')?R* H 8 J 829)G3(71RPR?n'5(-gi(76-95'582,!PR6 H .p. H3H G3(7[3PRGRB5(-9¯13.2[3(71Y95G@.Z;@X51RBO×l*]'5(-*-,%B¯6Î9)(7M�Ú
ER85MU. H3H G3(7[3PRP Ṁac,

')(-;%P3QRP31@. H 8)9)85G38 J 8É;%(-¾2PY9F'oP31R95(+G3'D.Z;@( 10−9 − 3 · 10−7 = �
u J 87,ba

µ . J 13PY951385( E38Z;%(�*]'5(-*-,!TV856+9Z.W1@.)'W;%PR'D.)(+9�,!PR6 H 1@.�G@.)6+6+9)8_?R13P3P ∼ 1−3
b

∗

8)9:ER85'5(7G5CY13856-95P�a
Ø (+gi(+6+9)'58¯,!P36 H .¯'5M�85G@.W¾tP3'D.W(+956�?É'¯M�. J 13PY9513T�(p6+PY;%85')T�(Ï;%P31RP3P�^kPF'Z,%8W;%XN1RPYCÉ67856 H .Z;%XWÚ*7T�'D.)(-9 H E38)'5(7G5CY13856-95P�^`G@.W* J 851R?Y?367X J G@.W'5PR9Z.)[3PR851313T�MdE38W;@(7M#,!8¯6 H 85G38)6+95P ∼ 300 H M u 6)a² G3Pn6-958W; H 1385'5(+13P3P J .W*I.p6rER85'5(7G5CY13856-95X5×U*7'5(+*<,!Tæ')8)*]13P H .W(+9ÖB],�.)G313.W?n'58W;@1@.R^�' H 8)9)85G385e

� ô



H P313(+9)P3Q3(+6 H .W?Lc+13(7G J PR?N. H3H GR(7[3P3GYB5(7M�8 J 8 J .W*].i95G@.)1R67³:85G3M�P3GYB5(+9)6�?A'ËPR*+;@BOQ3(+13P3(W^ H 8)9)85G385(8W95'5(-956+9)'5(71R1382*I.Ë1@.)4Z;%×�,�.)(+MÕBY× c7M�PR6767PR×æ'i;%P31RPR?YC£P H 851R9)P31RBhBOM�()aj�13( H 8)9)85G3TmCÖ*7'5(+*<,¯ÁóÁ�(<;%X5[@.013.)4W;%×�,�._;%8567XiBO'5(<;%P3Q3(+13P3(f4W;@(76 H .i'i6+8)951RP£G3.W*5^O'5(7GR8_?Y9WÚ1R83^�6+')?R*].)1313T�(06ÎBO'5(-;@P3Q3(71RP3M
Ṁac

,!8t'5(-;@P3Q3P313T ∼ 10−4 = �
u J 87,ba ² 8tP3M�(713PL*7'5(+*<,!T °
Ì

¯#ð�#�854y�k( H 9)Tÿc-958 J 8i95P3E@.Y^ H 8)958)G3TmC¿PR*7'5(76-95138Ë67(+e3Q@.)6�13(76 H 8Z;%X H 8rð09)B H ^R1@.W*]T�'5.)×�9Ë³fB58)G@.ZÚM�P�aÍE�6+1385'5138)eo' H ;!._,ñ'¯1@.W4W;%×�,�.)(+M�T�eñ67ER( H 9)Gñ³fB585G38)'Ö,�.W(+9¯13(Ï*7'5(+*<,�.R^b.£. H3H G3(+[3P3851RT�e,%P36 H ^@9_aÒ()a L∗ < Lac = GMṀac/R.
² 8ZÚ '5PO,%P3M�85MÕB5^@1R(+B56-9585eRQ3P3'5856-95Pn'0,!P36 H ()^%E3G3P3')8],@?RgiPR(

H G3856-9)B Ṁac,
E3G38)P36sCD87,%?Y92BÖM�8W;@8],%TmC¿*]'5(-*-,L6´')8)*]G@.W6+958)M½M�(71R(7(ÏÂ´M�;@1�aR;%(+9_a

+%zZ�=, Ù |-}�õÕ�_z_������x-yZ�����Iw?¼Õ�+�-�_�+�X½�� æ ��� ;u��| � | � Ø���� z^��|rô � V Ø���� ,

> P36 H 85')BO×�. HRH G3(7[RP3×�6+85E3G385')8_¾r,�.)(-90PR6+95(+Q3(71RP3(f'5(+g0(76-95'D.i6�E385'5(+GDCY138)6+95PÖ')1RBh95G3(+1313PYC8)4W;!.)6-95(7eV,%P36 H .A/ñ9_aô1�a�,!P36 H 8)'5T�eÍ'5(-95(7G�amÁ�(+M�EÍE38)9)(7G3P½M�.)676+T BS*7'5(+*<,©95P3E3.FÁ Á�(<;%X5[@.
Ṁw ∼ 0.1 Ṁac,

.FERG3(<,!(<;%X51@.Z?ó6 H 85G38)6+95X\PR6+95(+Q3(71RPR? V∞ ∼ 300 H M u 6)a K .FG@.)6+6+958I?R13PR?YC6+'5T�ði(ÎÂIý´.Raô(Wah8)9Î*7'5(+*<,!TV,!P36 H 85'5T�ep'5(-95(+G H 8W;3;%P3M�PRGRB5(-956�?�^@8)45G@.W*+B)?t45P3E38W;3?3G313T�(�,%¾r(-95TfaØ (+95(+GN'5T�M�(-9Z.)(+92856+9Z.Z9 H PLERG38)958W*]'5(-*-,!138 J 828)4W;!. H .Ra
K .Z;@P3Q3P3(r,!P36 H 85'N'58 H GRB J *7'5(+*<,S95PRE@.§¢ ¢ÍOy'ñE387,%95')(7GD¾Ë,%(7138n1@.W4W;%×�,!(+13PR?3M�P�a��m'58W;@×
Ú

[RPR?0,!P36 H .f85ERG3(<,!(<;@?3(-956�?Ë,!')BOMÕ?rE3G38)[3(76+6].)M�P�±h.5¼�P367Q3(+G3E@.)1RP3(7MoM�.)676+TS,!P36 H .:':G3(-*7BI;%XI9Z.W9)(. H3H G3(+[3P3PAPnP36+9)(7Q3(+13PR?n£�4h¼�856+(<,�.)1RP3(7M#E3Tm;%P H [3(+1R95G3.Z;%X5138)eoEY;@856 H 856-95P�a S 6-;@PÉ8)67(<,!.)13P3(ERTm;%PËE3G385P36sC587,!PR9f,!856+9Z.Z9585Q31R8Î45T�6-95G38R^51@.IQ3P31@.W(+956�?Ï6<;%P3E@.)1RP3(�E3Tm;%P31R8 H Pr³´8)G3M�P3G385'5.)13P3(')67(f458W;@(7(fP¿458W;%(+( H GRBOE313TmCÖ9)(-;¿/t*I.)G387,!T�ð0(7e¯EY;!.)13(-9_a S 6-;%P¿*I.)GR8],%T�ðiP¿B567ER(7'D.)×
92')T�G38WÚ6-95P´,%8�G@.W*7M�(7G@. ∼ 1 H M£,!8
958 J 8 H . H ,%P36 H ,!P3676+P3E3P3GYB5(+9_^DPOC�,�.Z;%X51R(7eRð0P3eiG3856-9�E3GR85P36sCD87,!PY9_^'¯85671R85'51385M�^�*].¯67QR(+9A. HRH G3(7[RP3Pñ8 H GYBO¾r.)×�g0( J 8 J .W*I.RabÁmaÒ83a�EY;%.)13(+9)T 8545G@.W*+BO×�956�?ñPR*Ë,%P36-Ú

� |



H 85'R^@8 H GRBh¾Ë.)×
giPYC¯M�8W;@8],%T�(´*7'5(+*<,!Tf^�ER85c+9)85MÕB¿c+9)P£,!P36 H PN1@.Z*]T�'D.)×
9pE3GR8)9585EO;!.)13(-9513T�M�P�aØ Àm8W;@13(7Q31R85eS67P36-95(7M�(£67')T�ði(£÷5õnþ B J ;@85'58 J 8ÉM�8)M�(71R9Z.A67856+G3(<,%8)9585QR(7138É'n85G345PY9Z.Z;%X5138)MM�8)M�(71R9)(ÎEY;%.)13(+9ZÚ J P J .)1R9)85'3a
a @°�DÞ�ÔË¢NÜhÈ%¢DÜ)Þ�Ô ®`¤b%ªf¢�ìFã�«3%¦`¬b%äÍªfÇ@§D§5Ônm�%«é³LÞÕA���

�

B_Ê
� .IQ3(+6+95')(713138£BAc+9)PYCA*]'5(-*-,\c7'58W;@×�[3PR?ÉE3GR8)95( H .W(+9L9Z. H ¾r()^ H . H PABnM�(713(+(tM�.W6767PR'513TmC*7'5(+*<,b^R1R8ÎBÏ13PYCt13(-9 H 8513'5( H 95PR'513TmCp*7851p'5EO;%8)95X:,!80E3GRPYCD87,�.i1@.Î� ² a�E�4?�k( H 95Tóc-958 J 8i95P3E@.8W958I¾Ë,%(76+9)'W;@?R×�9Ï6�9_aÒ1�aY*7'5(+*<,�.)M�PA¸W« uy� « d (+G345P J .´/Ï1R(7E3G@.W'5PY;%X51RT�M�P£ER(7G3(+M�(71313T�M�P£67ER( H Ú9)G@.Z;%X)13TmC H ;!.)676+85' � Ú�°�Ìf6�c+M�P3676+P3(7eÖ':;%P313PR?OCà©N·q^k©4«�·�Pp1R( H 8)958)G3TmCÏ,%GRB J PYC2c-;%(+M�(71R9)85'3aj ¸W« u?� «¯*]'5(-*-, d (+G345P J .ñ9Z. H ¾r(L1@.)4Z;%×�,�.)×
956�?æ¶ÐERG38)958)EY;!.)13(-9513T�(e�_¼t,%P36 H P©PÍ4)P3E38W;@?RGYÚ1RT�(f,%¾i(+95Tfa�Àm'5(-95P3M�856-95XpP

Teff ,
.r9Z. H ¾i(Î6 H 8)G3856+9)XpP36-95(7QR(713PR? (V∞ ∼ 103 H M u 6]¼ P¿95(+M�EER8)95(+G3PÍM�.)6+67T Bè¸W« uy� «£*7'5(+*<, d (+G345P J .É1@.)M�138 J 8FERG3(7'5T�ði.)×�9ñ.)1@.Z;@8 J P3QR13T�(N'5(<;%P3Q3PR13T,3;@?p*]')(+*-,¯9)P3E@.iÁ©Á�(<;%X5[@.R^YE385c-9585MÕB28513PÖc7³:³:( H 95P3'51R8r1@. J GR(7'D.)×
9ËPÖG@.)6+67(7PR'D.)×�9Ï856-9Z.W9 H PERG38)958W*]'5(-*-,!138 J 828)4W;!. H .R^@E3GR(7ER?Y956+9)')B)?NE3856<;%(<,%BO×
gi(7MÕB£*]')(+*-,%858545G@.Z*]85'D.W13P3×0a

êËß%¤bÇRÜh%È!ÇR¬`¥b¢LÜhÈ%¢hÜ)Þ�§¿ªfÇ@§D§5%ä ≥ 8
�

�µ *Î¶�ÂIýRaÃÂ_¼`6-;@(<,%B)(+9_^hQR958´E3G387,!8Z;@¾2PY95(-;@X513856-95X06-9Z._,!P3PÏE3G38W958)*7'5(+*<,!Tf^h85E3G3(q,!(-;@?R(7M�.W?Ï'5GR(-Ú
M�(+13(7Mn6�¾r.W95PR?0'513(-ði13PYC0854W;%.)6+9)(7er854W;%. H . tff ,

9)(7Mn458Z;%X)ði(W^WQR(7MnM�.)6+67P3'51R(7ei854Z;!. H 83^_958 J ,�.
H . H '5G3(+MÕ?£E3G3(7')G@.Wgi(+13PR?¯M�8W;%87,!85eÖ*7'5(+*<,!T�'Ë*]'5(-*-,%B£� ²

tKH ,
6+8 J ;!.)6+138n¶�ÂIýRa?>D¼-^313.)854585GR8)9_^BOM�(+13X)ðr.W(+956�?É6iGR856+9)85M©M�.)676+Tfa ² G3P

M ≥ 8 = �

'5(<;%P3Q3P313.
tff

6-9Z.)1385'5PY956�?É458W;%XWði(
tKH .��9)8å*71@.IQ3PR9_^ QR9)8 J PO,!G38)6+9Z.W9)P3Q3(76 H PùG@.)')1385'5(+671385(n?h,!G38\E3G38W958)*7'5(+*<,!T B56+E3(7'5.)(+9½E3G3(7')G@.ZÚ

9)PR95X)6�?¿'0*]'5(-*-,%B2� ² (+gi( ,!80958 J 83^ H . HpH 8W;3;!.)ER67P3GRBO×
gr.W?¿854)8W;%85Q H .06-9Z.)13(-9ËE3G38)*7G@.IQ31385eÖ'')PO,!P3M�85MS,!P@.)E@.Z*]8513(Wa ² 8)c+958)MÕB H 8 J ,!.t85458Z;%85Q H .ËG@.)676+(7(-956�?�^�E3(7G3(q,É1@.)M�P£E3G3(q,!6+9Z.W13(+9ÖBh¾r(6+³:85G3M�P3G38)'D.)')ði.W?36�?r*7'5(+*<,�.:� ² a ² GRP3M�(7G38)MoM�8I¾r(-9:6-;@Bh¾tPR95Xf*]')(+*-,!.
η
hO�ð`/Î87,!1@.�PY* 1@.)PYÚ

4)8W;%(7(:M�.)6+67P3')13TmC¿*]'5(-*-, J .Z;!. H 95P H P�± M ' 70 = �, L ∼ 106 Ò
�.
µ 13T�M�P¯6<;%85'D.WM�P�^3Bp*]')(+*-,

6
M ≥ 8 M�

6-9Z._,!PR?ÉM�8W;%87,!8)eA*7'5(+*<,!T 8W956+Bh9)6+95'WB5(+9£/¯c+958£'5PO,%138ÖPR* ò P36)aÃÂIõR^�1@. H 8W9585G38)M;@P313PR?ÏG38I¾r,!(713PY?ËE3(7G3(+67( H .W(+9i13._Q3.Z;%X51RBO× J ;!.)')1RBO×#ER856-;%(q,!85'D.Z95(-;@X513856-95XÖ¶ K � ² ¼`':G@.We38513(õ = �.
Ø �R.Z;!. H 95P H (ÏPR*]')(76+9)138NER85QR95P �5ý5ýp9Z. H PYCA*]'5(-*-,@Ú H 8 H 851385'3^ H 8)9)85G3T�(ÏE3G3(q,!6+9Z.)'Z;@?3×
96+854585eÖ?RG H P3(´P36+9)85Q313P H P µ�� PY*+;@BOQ3(+13PR?�a

Ø 8)*-,!(+e36+9)'5P3(r³:85G3M�PRGRBO×�gi(+e36�?A*]'5(-*-,!T 458W;@X)ði85eNM�.)676+T 13.28 H GRBh¾Ë.W×�giPRe J .W*rE3G38W958WÚ*7'5(+*<,!138 J 80854Z;!. H .f85Q3(71RX0'5(<;%P H 83±W,�.)'Z;%(713PR(�PR*-;@BOQ3(71RPR?pPÏ'5(+9)G@.:13(�958W;%X H 8Î856+9Z.W1@.)'W;%PR'D.)(+96�¾r.W95P3(£'513(-ði13POCå854W;!.)6-95(+e�^�138APå*].)6+9Z.W'W;@?3(-9FPOCF,!'5P J .Z95X56�?V'A8545G@.W9)1385Mæ1@.)E3G@.W'W;%(71RP3P�a
Ø G3(-*7BI;%XI9Z.W95(W^�M�.W676].n*]')(+*-,%T

M∗

8 H .W*]T�'D.W(+956�?å*I.WM�(+951R8oM�(+13X)ði(£M�.)6+67T GR8],%PR95(<;%X56 H 8 J 88)4W;!. H . Mo,
E3G3PRQ3(7MÍ6´G3856-9585M

Mo

8)95138Wði(71RP3(
M∗/Mo

4)T�6+95GR8tBOM�(713XWðr.)(-956�?�a K .)E3G3P3M�(+G�^ERG3P
Mo = 150 = � M∗/Mo < 0, 5.

Ø 8)*7M�8_¾t1383^)c+958Î85456-958I?R9)(-;%X56-95'58Î854?��?R671R?R(+9´8)956-Bh956+9)'5P3(
'Ï�Y.Z;!. H 9)P H (´*7'5(+*<,A6:M�.)6+6785e¿*I.)M�(-95138ÏE3G3(+'5T�ðr.W×�gi(+eñÂIý5ý = �

a
S ¾r( J 87,!138r'Ë�Y.Z;!. H 95P H (fG38I¾r,�.)×�9)6�?Ö*]'5(-*-,!T#6�854Wgi(7eÖM�.W67678)e ∼ 3 = �

a ò .)67ERG3(<,!(<;%(71RP3(GR8_¾r,�.)×
giPYC56�?2*7'5(+*<,¿E38´M�.)6767.)MF8)E3P367T�'5.)(+9)6�?29_aÒ1�ah1@.IQ@.Z;%X51R85et³fBO1 H [RP3(7epM�.W676)aYÀm8 J ;%.)67138Àm8Z;%E3PR9)(7GRB
dN

dM
∝ M−2.35,9Z. H QR9)8tM�.)6+67P3')13T�(´*7'5(+*<,!T�G38I¾r,�.)×
956�?£85Q3(+13XtGR(<, H 83a

� Ù



����������	������� 	b�����������ÿ�¿ó� ���`_½����	 "� ���"%$ �"�f�� �����]������$�f�!$´�� ���	�����â������`	b�
 Î«3¤kã�¨b«Rã�¤bÇLÜhÈ%¢hÜ)Þ ¶�Û
µ 8],%(-;%P¿*]'5(-*-, K � ² 'ÏG3.W*7BOM�1385M½E3G3P34W;@PR¾r(71RP3P¯M�8I¾t138ËE3856-95G385PY95X3^%E38W;%. J .W?

dXi/dr = 0, (∂/∂t)m = 0.
> ;@?#Àm8W;@13[@.ñE387,!45PRG@.)×�9\CYP3M�6+856+9Z.)'åPóE@.)G3.)M�(+9)G H 851R'5( H Ú[RP3P

α,
QY958545T E38W;3BYQRPR95X¿1@.)4)×�,�.)(7M�T�(r*71@.IQ3(713PY?�bæP

Tef

E3G3Pn1@.)4Z;%×�,�.)(+M�85Mÿ')8)*]G@.W6+95(rP
CYP3M�PRQ3(76 H 8)Mó67856-9Z.)'5()a

+%zZ�-, Ù+Ù }�~!yZ���+w�~ y �kz � y_�À0��-�r0 � � XH = 0.685, Y = 0.294, Z = 0.001.
~��_�Ww<�+w�~t�Zw<x-y�| � w-���@wq�0�w<�+zZ��zW�3�+���-�´���+���<zZ�3�7���<�-���@w+����wc;h�_�7���<�Z�-���Wwq�Ë�_� � �-�=.Z���k� 0��+�p0 � w-� 2��L�����P����Ò, �É,?;��c����, Ûc���P,2���}�#|��c;|-| � ;5| � �/ô/3¡,

ú�Ç3È%¥�§5¥bªf!§5«3Ý���m"� BÎ¥3�%m"� B´ÈRÞ�@°`Ý ¶�Û
êr¦`¢h¬bÝñªfÇ@§D§5¥bÈ!¬bÔË¢NÜhÈ%¢DÜ)Þ�Ônm a � ûI � 

M�.
B

> .)'Z;%(713PR(´8)E3G3(<,%(-;@?R(+956�?NPR*+;3BYQR(713P3(+M�^�1R(7E3G38W*]G@.IQ3138)6+95Xt9585M�E36+851385')6 H .W?�±

Pc ∝ T 4
c ∝

M2

R4
, ρ ∝ M

R3
L ∝ RT 4

c

ρ
, =⇒ L ∝M.

a Ç@§D§5¥`È%¬bÔË¢LÜhÈ!¢DÜ)ÞÕÔ¡m a � ûI 
M�.

B
> .)'Z;%(713PR(´8)E3G3(<,%(-;@?R(+956�? J .W*]8)M�^@13(7E3GR8)*]G@.IQ31R856+9)X29585M�ER6785138)'56 H .W?�±

Tc ∝
M

R
, ρ ∝ M

R3
L ∝ RT 4

c

ρ
, =⇒ L ∝ M3.

ú�È%¢DÜ)Þ�Ô § a 'M�> .)'Z;%(713PR(´8)E3G3(<,%(-;@?R(+956�? J .W*]8)M�^@13(7E3GR8)*]G@.IQ31R856+9)X H G@.)M�(+G3678)'56 H .W?�^ pp− [3P H ;�±

Tc ∝
M

R
, ρ ∝ M

R3
L ∝ RT 4

c

κ ρ
, κ ∝ Zρ

T 7/2
, L ∝ R3ρε, ε ∝ ρT 4

c =⇒ L ∝ G7.8 M5.5

=⇒ E J G3.)13P3Q3(+13PR?£1@. dG/dt,
P36sC587,%?NPY*ÎER856+9)8_?R136+9)'D. H ;%P3M�.W9Z.Ï1@.Ï&�(7M�;%(Wa

À�BO4 H .)GO;%P H P¿Ú�*]'5(-*-,!T�6:E38)13PR¾r(+1313T�M½6+87,!(7GD¾Ë.)1RP3(7MÍM�(-9Z.Z;3;%8)'3a

� ö



Ø G3(7MÕ?å¾2PY*]13PV1@.F� ² ±
tMS ∼ 0.008c2 · 0.1M/L ∝ 1/Mn−1,

9_aô(Wa�M�.)6+67P3')13T�(¯*7'5(+*<,!T
¾tP3')Bh9´1@.´� ² M�(71RX)ði(Wa ² G3P

X0
H = 0.602, X0

He = 0.354
P

Z = 0.04 tMS ' 20, 33
P2õ5ýfM�;%1�a

;@(+9´,3;@?Ë*]'5(-*-,£6 M�.)6+6].)M�P2õR^�>ÎPÏÑ
M�

678)8)95'5(-956-95'5(+131383a > ;3?ÖÀm8W;@13[@.
tMS ' 11

M�;%G),ba5;%(-9_^
.iBp*7'5(+*<,A6

M < 0.8M� tMS

E3G3(+'5T�ðr.W(+9t'58)*]G3.)6+9 Ø 67(<;%(71R1385e�a

+%zZ�=, Ù<ö }�×Dw<�+zZ��zW�3�+���-���Zw � z_�7��wm�-���@w-�����Â0��-�r0 � �kzh;I�]�-�Zz_�_�_������� �Iw<�IyWz_�]�-�mz��_yWw<�_���q����z_��w-�_�<�-�

+%zZ�-, Ù � }]vh�s�3�_���Zw-�<�]�Zwmz��_yZ�-�<�Z�+���-����{_���_�-�_�0��-�r0 �5y �kzL�Zw=0������
�@w+���å2ø� yZ���+w�3%z����<�Z�7�Z�<�]�Zwå0��-�r0 �#y �8z2Ã���Z�Zw<�7w/38,

 Ühªf¢h¬b¢h¬`¥b¢L®bÇ3¤`ÇRªf¢O«R¤`%ÈFÜhÈ%¢DÜ)Þ#®bñªf¢h¤`¢¯È!ÔÉ!W!¤bÇ3¬b¥&%£¢
í . H 9585G3Tf^%85ERG3(<,!(<;@?3×
giP3(fCh.WG@. H 9)(7GLc+'58W;%×�[3P3P£1@.t� ² (41H→ 4He + 2e+)

±
ÂI¼�j�M�(71RX)ði(+13P3(0QRP36-;!.ËQ@.)6-95P3[

=⇒ P ∝ µ−1 = 0.75 + 1.25X − 0.25Z
E@._,�.)(-9L£

¹)¼�j�M�(71RX)ði(+13P3( H 8W;@P3Q3(76-95'D. e =⇒ E@.I,�.)(+9
κ.Ø GR(+*7BI;%XI9Z.W9)(¿E38nM�(7G3(2'5T J 85G3.)13PR?S'587,!8)G387,�. ρc, Tc

P\67')(+95PRM�856+9)X%¶�àÄ¼�G@.W6+9)Bh9_a µ *]M�(71R(713P3(
bÿ13(f6+9)8W;%XË95G3P3')P@.Z;%X51R8rÚ�6+M�a ò P36)aÄ¹'öY^Ä¹)÷Ra ² 8)6-;%(q,!6+9)'5PR?£G3856-9Z. ρc

,@;@?Ö*7'5(+*<,nM�.Z;@85e¿M�.)676+T
¶¸'5T�G38I¾r,!(713PR(u«<Ú J .W*].D¼-a
Á�a H a L = 4πR2σT 4

ef ,
958´;%P313PR?

lg L = 4 lg Tef + const
Ú�(76-95X0;%PR13PR?pER856+9)8_?R13138 J 8rG@._,!PYB56].Ya

�/�



W$X<Y-Z�[=¦]\µÓn tvqpkcqrkcXcqhdei=kc�cqrkc_-a<f=�cXcX¹o=i sUi=aci sUf
XH

YÇ_-qrwcqpk<XcqrtÂo=a<qrtvqpk<X b�nro=qrn8s�¤"�h\Uj<qpo/lN¢ a<X<Y¡bekci/dC¥
s<jcx nro=qpn¡s4l�Y

M = 1 ¦ � § j4b�w<X<Y¡_-i/q&xesUaci©¨«ª�g<a<f-o/lN¢ acX<Ypb�k<i=d�¥Òs<jcx1npo=qrn8s4lÀY
M = 5 ¦ � § d�i/kco=qrdc_-Xco/kci=qxes4aci<Ø<a<f-n tvqpa1d�i/_-i=a<i=Öpihtvqpkcxcqp_=Y x�oÇm/i s4q¬po/i-j<Ù'�cXcXy¨¡Z

¥e¦



����������	 �'���jÉ ���`_V����	 "� ���"%$ �
M < 8M�

�����$�f�¯®¹�
Û "%�È@°�¢h¬b¥`¢n§)°`%¢hÈ!$!Wñ¥�§5«R!¦b¬b¥`¨�Ç

jæ*]'5(-*-,o6
M > 1.3M�

1@.p� ² P3M�(7(-956�? H 8513')( H 9)P3'51385(i?h,!G383^!'513(-ði1R?Y? J G3.)13P3[@. H 8W958WÚGR8 J 8n1@.WM�138 J 8nERG3(7'5T�ði.)(+9ÉG@.Z*]M�(7GS854Z;!.)6+9)P�^ J ,!(ÖERG385P36sC58],%PR9 J 85G3(+13P3(Ö'587,!85GR8],!.Ra � 8 J ,�.')8],%85G387,É' H 851R'5( H 9)P3'5138)M©?h,!G3(i')T J 85G@.W(+9ÖE38Z;%13856-95X5×Î^!9)(7M�E3(+G@.W9)BOG@.Ö*I.tE3G3(<,%(-;!.)M�PL?h,!G@.6<;%PRð H 8)MóM�.Z;!.0,@;@? J 85GR(713PR?Ä©Î^%E38)c+958)MÕBÖ*]'5(-*-,�.Ï1@.IQ3P31@.)(-956�?n6�¾tP3M�.W9)X56�?Ö,@;@? H 85M�E3(71R6].ZÚ[RP3PNE38W95(7GRXt1@.ËPR*-;@BOQ3(713PR(06´E385'5(+GDCY138)6+95P�a�»-¾2P3M�.Z95X56�? H . H [R(-;%85(Wa ² G3P¯c-9585M T
E385'5T�ði.ZÚ

(-956�?�^k.Ö*7'5(+*<,�.t,!'5PR¾i(+956�?�^ H . H PL,%8¿� ² ^�ER82;@BOQ3P36+9)85MÕBn95GR( H B!± lg L = 0.8 lg Tef + const.mEYB56+9I?213( H 8)9)85G385( '5GR(7MÕ?Ë1@.f'513(-ði13(+e J G@.)13PR[3(�?O,!G@.�9)(7M�E3(+G@.W9)BOG@.´E385'5T�ði.)(+9)6�?213.)6+9)8W;%XWÚ
H 83^OQR9)8:©#*]. J 85G3.)(+9)6�?�±3E38I?R'W;@?3(-956�?Ö6<;%85(+'585epP36-9585QR13P H aOj�*]')(+*-,¯6 M < 1.3M�

H 8513')( H [3PRP':?O,%G3( 1@.Î� ² 13(�4)Tm;%83^DE385c-9585MÕBË6<;%85(+'585eÏP36+9)85Q313P H E38I?3'W;@?R(+9)6�?26+G@.W*7BËER856-;%( P36+Q3(7GRE@.)13PR?©ù'Ë[3(+1R95G3(Wa���9)8tERG3P3Q3P313.Ï1@._;%P3Q3PR?¿*]. J P345.Ï'5ERG@.)'58ËE3G3P M < 1.3M�.�mM�ERP3G3P3Q3(+6 H .W?¯*I. H 85138)M�(7G3138)6+95XR±° ÷�±qè_ç ÷Iê�ø%ç5î-ë:ù£²=÷IèSî�ø®÷_í©x��1³ é%î+ë0÷Iì	q@é@ï�÷´³ î�tÿé�³:ç)í+ëËî´v�µ¶x�q%í ·�q�v�v ÷Iê�ø%ç5î-ë:ù¹¸ s ç5î ·ré5¸
s v!í-ëËî´vMº ° ÷�±qè_ç ÷Iê�ø%ç5î+ë:ùA²=÷Ièoî�øt÷_í©x��1³ é%î+ë0÷Iì�q@é@ïDç s ç)î ·ré s v%í+ëËî"v�µ�x�q%í ·�q�v�v´÷Iê�ø%ç5î-ë:ù»¸
îzt�é�³fç5í-ëËî´vMº

+%zZ�=, Ù-@ } Ø �+���@w<;I�_���Z���_��|1¼�w<�
�]w<�Zw-�_�<�������+�<y�|`{_z_z�{_���Z�<�ZwqyW�-�����
�+x<yWw+���<�r.�0��-�r0 � �Zw-0��������@w-���-,

ú�È%¢hÜ)ÞÕÔ ªfÇR°`%äóªfÇ@§D§5Ô
(M < 0.8M�)À�¾r.W95P3(Ë?O,%G@.£ER85G38I¾Ë,!.)(+9¯G@.)6-ðiP3G3(+13P3(p8)458W;%85Q H PoPn,!'5PR¾i(713P3(Ë*]')(+*-,%TUE38£9)G3( H B d .ZÚ?YðiP�^�138A'n8545G@.W9)1385M 1@.)E3G3.)'W;%(+13P3PF/F67M�a ò P36Waº¹)õYa Ø ?O,!G3(Ö13.)6+9WBYE3.)(+9o'5T�G38I¾r,!(713PR(Ö(+gi(

ERG3P
Tc < 108 Ð ^DER85c+9)85MÕB J (<;%P3e21R(
*]. J 85G3.)(+9)6�?pPÏ'´[R(71R9)G@.Z;%X51RTmCp854Z;!.)6+9I?OCÏ³:85G3M�P3GRB)(+9)6�?

J 85GD?3Q3PRe ©4«t45(-;%T�e H .WGY;%P H aÕÀ�;%85(+'585eñP36-9585QR13P H 6�,!'5P J .)(+9)6�?S'567(Ï4W;%PR¾i( H ER85'5(7G5CY13856-95P�^Bh9)8513Q@.)(-956�?\Po' H 851R[3( H 8513[R85'¯ERG385E@._,!.)(+9_aÍE�458W;%85Q H .¿674)G@.)67T�'5.)(+9)6�?\P �Ç� 8 H .W*]T�'D.W(+956�?
J 8W;%T�M�a t > tH !

� @



ú�È%¢hÜ)ÞÕÔ §¿ªfÇ@§D§5%ä
0.8M� < M < 2.3M�Ø 1@.IQ@.Z;%(A958)9å¾r(AERBh95XR^�QR9)8½P©B©M�.Z;%85M�.W6767PR'513TmC©*]')(+*-,k^�138å'5T�G38I¾r,!(71RP3(o1R(o6-958W;%X

')(-;%P H 8\Pm©¬«¯*I. J 85G@.W(+956�?�a Ø G3(+MÕ?óc7')8W;%×�[RP3Pó85E3G3(q,!(-;3?3(+9)6�?©?O,!(+G31385eÍð H ._;%85e�^�138ñPR*-Ú *I.GR856+9Z.FÒÉ95(+M�ENE3GR8],%'5PR¾r(+13PR?£E38Ë95G3( H B¿1@.)G@.W6+9Z.)(-9_aµ *-Ú *I.¿1@.Z;@P3Q3PR?o13(7eY95G3P31R13TmC\E38W95(7GRX
Tmax

,!856-95P J .W(+956�?S1R(t'¯[3(71R9)G3()à ² G3Poc-9585MùERG38WÚ
PR6sCD87,!PR9ª©¬«0'56+E3T�ð H .R±�13.t13(+6 H 8W;%X H 8Ö6+(+BO1O, L ∼ 1010L�!

Ø T�G38I¾r,!(71RP3(i671RP3M�.)(+9)6�?�^�?h,!G38
G3.)6+ð0P3GD?3(+9)6�?�^
¢ E@._,�.)(-9LPo1@.IQ3P31@.)(-956�?F6+9Z.)[3PR851@.)G31R85( J 8)G3(713PR()a ² 8)QR95Po'56�?F')T�,!(-;%(+131@.W?c+13(7G J PR?¿E38 J ;%8)gr.W(+956�?¿ERG3PÖG@.)6-ðiP3G3(+13P3P¿?O,!G3.0Pp85458Z;%85Q H P�±Y'51R(+ði1R(f'567(�M�(+1R?3(-956�?¿EY;%.)'51386

t ∼ teth.² G3P J 8)G3(713PRP ©4«
∆m/

1YB H ;%851 = (12.0111 − 3 · 4.0026)/12 ' 2.6 · 10−4 =⇒ tHe
nuc ∼

3 · 10−4 ∗ 0.1 M∗c
2/L∗,

9_aÒ()a � tHnuc.

+!zZ�-, Ù V }�{��+�<y�|`{_zI��0��-�r0 � �¯���1|�|=, ö �
�

+%zZ�-, Ù �_}y{��+�<y�|`{_z_�+�_�����Õ�<�_���_z´~��<yZ�_{Ww � �mz��_�7� yZ�Õ�_�ZzI�+� � w��Zw��8zh,

�]V



ú�È%¢hÜ)ÞÕÔ §¿ªfÇ@§D§5%ä
2.3M� < M < 8M�� 8 J ,!.A6+³:85G3M�P3G38)'D.Z;%856+Xé©4«Ö?O,!GR83^Õ85138A13(+'5T�G38I¾r,!(7138oPSPR*]8)9)(7G3M�PRQ31383a��Y8)G3(713PR(¨© '

6<;%85(+'585M�PR6+958)Q313P H (26r9)(7Q3(+13P3(7Mù')G3(7M�(+13PÉBO'5(<;%P3Q3PR'D.)(+9NM�.)676-B ©4«Ë?O,%G@.Ra � 8 J ,�.¿( J 8¯M�.W6-Ú67.ÖE3G3(7')T�67PR9 ∼ 10 %
M�.)6+67Td*]'5(-*-,!T ¶ÐE3GR(<,!(<;½$ (+1345(+G J .ZÚ¡Q:.)1h,!G@.)6+( H .)G@.D¼�?O,%G38¿1@.IQ3P31@.)(-96�¾tP3M�.W9)X56�?Ö'09)(7EY;@85'585epð H ._;%(�'5G3(+M�(713P TKH .

² G3Ppc-9585MS854)8W;%85Q H .Î*7'5(+*<,!T#G@.)6+ð0P3GD?3(-956�?�^Pñ*7'5(+*<,�.nE3G3(+'5G@.Wgi.)(+9)6�?½' H G3.)67138 J 8 J P J .)1R9Z.Ra � T�6-95G3T�e�¶
t = TKH � tnuc)

E3(+G3(-C58],ÍPR*
87,!1R85eÖ854W;!.W6+95P2'´,!GRB J BO×ÿ/ÏERG3P3Q3P313.i1@.Z;%P3QRPR?29_aÒ1�a3E3GR85'D.Z;!.Î�Y(+G3[RðiERGRBO1 J .Ï13.:,!P@. J G@.)M�M�(� ò a &�. J 85G@.W13P3(1©4«i'Ï?O,!G3(ÎE3G385PR6sCD87,!PR9£EY;!.W'51383a ² (+9];%Pn13.Ë,!P@. J G@.)M�M�(r� ò H . H 8)9)G@.W¾r(+13P3(c+'58W;%×�[3P3PL?h,!G@.Ra í 8)G3M�P3G385'5.)13P3(i')T�G38I¾Ë,!(+13138 J 8ª�Ú�¯l?O,!G3.Ra ² G3PRQ3P31@.p'56+E3T�ð H Po'A©�Ú K (6<;%85(+'585M½PR6+958)Q313P H (:/2E38Z;%8I¾2PR9)(-;%X)1@.W?¿95(+EY;%85(+M H 8)6+95Xt*]'5(-*-,!Tf^3CD8W9I?N'5T�GR8_¾r,!(+13PR?£13(+9_a
K .Z;@P3Q3P3(:'5T�G38I¾r,!(71RPR?£13(:E38)*]')8W;@?3(-9Ë*I. J 85G3(+9)X56�? 12


=⇒ ³:85G3M�P3G38)'D.)13P3(u�Ú�¯ �h� a

õºö<÷-øy¾�¿cú ` ������À� <ö��_��=þ�^�P�Â÷Á�ÂÃ5Á
�

ö
XH = 0.602, Y = 0.354, Z = 0.044.

ù©Ä



+%zZ�-, ö ôZ}��0��3���_���_zZ�.¼Õ�-�Z�L�N���+�<y�|`{_z_�-�Z�_�-���m�-�_���Iwh0��+�p0 � �N� M = 5 M�

��0sw<�-zW��zZ�3�7���<z��-���Zw��WwqyZ�+�_�-����]zW�@���+���qw<�+w<,

�C�



+%zZ�=, ö |+}�zÕ�syZ�+��w<{_z_�+�_�Zw<�
�_���7���<�/._�_z_�+�+���<������yZ�-�������
zZ���<�-�Z�_z_�Iwq�
����yZ�]�Zw<�0��+�p0 � �¯� M = 5 M�.

����������	��uÛ �jÉ ���`_½����	 "� ���"%$��
M > 8M�

�����º����®¹� 

WºX<Y-Z ª []\yÅ`o/i-j<Ù'�cXci=k<kclNq_-acqpd<X1nro=qrn8s�a<f-nrkclGm�t�f=YrY-Z

¦ ¤



 ¬b«3¢h¤`®b¤b¢O«hÇvÎb¥u%\ÞÕ¥bÇv!)¤bÇ3ªfª ¶-Æ ÜhÈ%¢DÜ)Þ�¬bÔrâÍ§5¨�%®k°�¢h¬b¥`ä�Ê
ÂI¼ Ø G3(+MÕ?n¾2PR*713PA1@.¿� ² 6+PY;%X5138Ö*].)'5P36+PR9£8)9

M∗,
.Ö'5G3(+MÕ?nBDCD87,�.¿'Ö854W;!.)6-95X J P J .)1R958)'

<< t � ² =⇒ ³´8)G3M�.rPR*]8]CYG3851£E385QR9)PNE38)')9585GD?R(+9t³´8)G3MÕBp95GR( H .Ra¹)¼ K .W67(-;@(713138)6+95X013( H 8)9)85G38 J 8ÎBOQ@.)6-9 H .0PR*78ICYG38)13T ¸ � ∝ tAB =⇒ ERG385'D.Z;p�Y(+G3[Rð0E3GRBO1 J .PÉE3G38)'D.Z;F'54W;%PR*7PÉ9)85Q H PoE385'58)G38)9Z.ÖBnG@.)6+67(+?R13TmCo6 H 85EY;@(713P3e�a�¶ K ._;%P3Q3P3(Ë13(+G@.W*7G3(+ð0(71313TmC,%'585e313TmC¿BDCOB],%ðr.W(+9p6+8 J ;!.)6+P3(:95(78)G3P3PN6:1@.W4W;%×�,!(+13PR?3M�P�àº¼
ÀmG3.)'513(+13P3(r³:85G3M�T PR*]8]CYG3851A6Î,!P3. J G@.WM�M�85eA� ò 6 H 85EO;%(713PReoE38W*]'58W;3?3(+9¿13.)eR95P�±ÕÂ_¼�'58W*+ÚG3.)6+9t6 H 85EY;@(713PR?n£�¹5¼�CYP3M�67856-9Z.)'L£º�D¼mG@.W676+9)8I?313P3(Wa

+%zZ�=, ö-ö }Cx�zZw<���Zw-�@�@w�{_�-���q���-��yWz_�_z_�ZwÇ:mw<�_�+�-�-�������7�+�IyZ���_zI�^� ö ,

� |



W$X<Y=Z ª ¥4\]Ónrtvqpk<qpkcXcq�g4f-a<f/tvqp_-aci/oÒo��<qpkc_-a<q�npo=qrn8s�a<f-nrkci=¢�t�f=YrY¡l�Ø]gci=j<bewcqpk<kci=qXcn�wcX4Y8j<qrkckclGm a<f/Y¡wcqr_-i=o4Z

�Ç¼Pz4���^�v������}U�/���v¼U�vÅÇ�À�e¼P�=�=| ���/¼P� � ���vzP¼UÅ���° °��P� � }ÇkÈ EIÉ ,&Ê�. EIG1HKJ�UËNOS�J5ÌÍÎT1Q1Q£ÏISMEOÏ ./ÐÒÑ
Ó5Ô�Õ«Ö�×  ÕÙØ  ÖMÕ�× � Õ → ��Ú�� ÕÛÖ �5Ü-ÝyÞ Õ ��Ú Ó ��u�IßM��Ýy → Ú�àáÞ?��� ÕâÓ�Ô´Ö Þ → × Þ ØãÖMÕ Ý Ó�Ô´Ö Þ →Ó5Ô�Õ«Ö�×  Õ�Ø  ÖMÕ�× � Õ �À�c± |&±

 zP�/��z4�$ÃP��� �"}<�$z � �v�v�vzP�=�PÃ��"|$� � �vzU{�z�{�z � �1�v�/{�z � }c|º}U�/��� � zP�/�UzP�%ä��P}��/¼P�/�U�v��zP�=�PÃ��e¼P�=� �

|$Å ���P�/�v�����v���J¼ � ���������C�=�<}U�vzP¼P���P�9�C¼P����¶Pz4��ÃU�¹����¶Pz4�$Ã4�¹�U��������¼Pz<�$�^�v���C��|º�/�Ä¼P�/���U����zy�
� �����¹�����v�9�C�U��� � }4���G±�å�} �v� �v��� � ���»�e¼P�=�=|ºÅ ����}U���/zP�C·(:�æ

�

¼PÅ�{�z � }U�v�v��¼��v�/��� � }<�$ÃP�vzU�zU¶4�º}U�=�P��¼Pz�|ºz � ze|º} �v� zP�v� �Pz�|º���É�]}�ç �Í���G±��$�=�c��{��-�$��� ¿ �e}�è�±;: �Í�$���$�=�c���"{ �$� � z�|`} ¿ �e}�=(è(è
���/�c���v��zU��} ¿ �]}�é {�z�|&��} �v� ��¼ � }y�¹�/�v�v��� � ���������Ä¼ �-�$�����/���PÅJ½¯�-�$�/���vzP{�z � �v�"} ¿ �e}¶éh|º�/�vÃv±
È { � }U�v�v���v¼µ}U�=� �$� � �]�$ÃU�e}?�v��zP�v��}4�í�v�=�P�=�PzP�v���v¼PzP�=�PÃJ��}U�/�/� ��¼P�/�-| ��}Aê 
kë XÇ� � z]���P��z��¼P�/�-| �

M > 200M�

���/��ì
í�Ú«ß���î«ïñð � zU�P� � ����}U�/��Å � � }4¼P�v���U�=�$ÃP��z¹��}<�º}��µ�Uz¹¼ � �$z4�PÃ�|ºz�ä�òkó �PzU� ½¯� � ���PÃv�����Pz¹�Ä���¼P�/�-|*�

M < 8M�

�º��z»�]}<�P��� ��� zP�v� �Pze|$�����]}U{/z � }U���v��ô �Ùõ¯±�ö �e¼P�=�=|*�
8 < M/M� < 12�"{ �$� � z�|*��{/z � }U�=��¼É�v�/¼PÅ � z]½¯|º���v��zP� ��| � �U�$�vzÉzP¶ � }4���U�/�U�9� ¼PÅ � z]½¯|º�����vzP��õ¹�;÷�øU�;æúùÄ��| � z��

212C → 24Mg + γ,
����� 23Mg + n,

���$� 20Ne + 4He,
�"�$� 16O + 24He.


 zP�-�$�-|������¹�/�C�9½É}<�P�v����| � } ��z �v� zP¼Pz]½¯|`}U�=�P�9� �v�/��� � zU�v���]}y�v�v���£õ��5û4���$�»æúù�±
=⇒ ��z4���

�$} � �U��zU¶ � }4��zP¼µ}U�v����åkü ��¼P� � Åh���"}Îý�÷ ° °²±
ö ��¼P�/�-| �

M > 12M�

�"|º�=� ��� ��¼ � }y�¹�/�v�v� 16O
¼ 30S

� 32Si,
}¹�]}4�U���Ï�c± �G±�{�z � ���v����ý	þ<�

28Si + 4He↔ 32S + γ 32S + 4He↔ 36Ar + γ 36Ar + 4He↔ 40Ca + γ

�»�c±«|&±"¼ � ��zU�PÃ�|$z 52Fe+ 4He↔ 56Ni+ γ.
üG}4�P�/� �"| � z 56 ÷�þ ��� ��¼ � }y�¯}U�=�P�9�À¼��"| � z 56 ÿ øy�

56Ni + e− → 56Co + νe (t1/2 = 6.1d) 56Co + e− → 56Fe + νe (t1/2 = 77d)

¦/[



+%zZ�=, ö/� }W~!�+���@w-�<z_�_�s���]�-��zc0��-x-�Ww�»����_z_�Õ�_�_zZ�����
x-yZ�����]wm���+���7�I�_�-����� 5T5��<z_�Zw<,

² G3P
T ∼ 3 109 K

G3(7. H [3PRPt³:8)9)8],%P3676+85[3P@.)[RP3Pt9)P3E@. 56Fe+γ → 144He
P0,�.Z;%(+( 4He+γ →

2p + 2n
'5(<,@BO9 H E38)95(+G3PFB)6+958)e3Q3P3'58)6+95P�^ H 8W;3;!.WE36+B)^b8)45G@.W*785'D.)13PR× K &\PÉ'567E3T�ð H (AÍ2ÅU·s·qa

ò 8W;%XÏ13(7eY95G3P31R83a®Í2ÅUÂI÷5õdöUOYa
j *7'5(+*<,ù6

M > 40 − 50 = �

95(7M�ER(7G@.W9WBOG@.½'\[3(+1R95G3(É1@.)6-958W;@X H 8V'5T�6+8 H .R^�QR9)8åER8)95(+Gh?B)6+9)85e3Q3P3')856+9)PFE3G38)P36sCD87,!PR9£PR*-Ú *].pG38I¾Ë,!(+13PR?nE3.)G¯/£67M�a ò P36)aÄ¹U>Ra � 8W;R;!.)E360?h,!G@.2ERG3P3'587,!PR9H 95(+G3M�8I?O,!(+G31385MÕB£')*7G3T�')B H P36-;%8)G387,�.Ra ò (-*7BI;%XI9Z.W9 H 8W;R;!.)E367.r/2E38W;%1RT�e¯G@.Z*+;%(-9pPY;%P£8545G3.ZÚ*785'D.)1RP3(�Q > a

+%zZ�-, ö/@ }]~��-�_�]�_�<�]�ZwÒ0��-�r0 � �Ö���@w-�����=. Ù/� � �

�Zw��_�/0 � �ZzI� ���qw � z_�I�m���-�<yy|b{_z_z 2 �_�_� � ���+���7�I�_�-�7wq��5T5@�-z_�Zw/3¡,

² 8)9)(7GD?ÍM�.W6767T M�.)676+P3'513T�M�P½*7'5(+*<,�.)M�PÍERG3P3'587,!PR9 H PR*7M�(713(+13P3× ³´8)G3M�T 95GR( H .Ra K .É� ²*7'5(+*<,!Td6
M < 50M�

95(+Gh?R×�9t,%8Ö¹)ýDþ M�.W6767Tf^�.t458Z;%(7(´M�.)676+P3'513T�(´Ú�,!82÷5ýDþ
=⇒ ³:85G3M�PYÚ

GR85'D.)13PR(�*]'5(-*-, Ø 8W;%X_³´.ZÚ ò .)e3(Ï¶�Ã b�¼<a µ (-CD.)13PR*7MÍE38)9)(7G3PÖÚ�,�.W'W;%(71RP3(:PR*+;@BOQ3(+13PR?¯'i;%P313PR?OCP£1@.rE3Tm;%Pñ¶ÐE3GRP¯13PY* H PYC Tef) +
ERBI;%X567.)[3P3851R1@.W?£13(+B)6+9)85e3Q3P3')856+9)X3a

�-ö



W$X<Y-Z ª e\�Å`o=i=j<Ù&�<Xci=kck<lNq�_-a<qpdcX�t�f=YrY¡Xco/kclGmÉnpo/qpn¡s�Øva<f=YrY¡wcXc_²f=kckclNq1�=qpn1bewcqp_²f�gci/_-qpacX�t�f=YrY¡l § Y8j<qro/f©¨åXo�gcacq¡s4gci=j<i9ÔÒqrkcXcX�Ø�wc_-i
Ṁw ' 70 L/c2 § Ypgca<f-o�f ¨¡Z	¤ei=a<Xcnpi/kc_²f²j<×/kci=¢¹wcqrac_-i=¢Äi=_=tvqrwcqpkci�tvqrYp_-i�n f-Öpi/a<f-k<X]xb�Ö j4qpaci sUf&o&xesUacq=Ø-fÍnpo/qpn¡s4i=wcdei/¢/¥�tvq Y¡_-i4Ø²Ö s4q�npo=qrn8sUf'_-qra/xcqr_'b�Y¡_-i/¢cwcXco/i/Yp_-× § gcacq¡sUY¡o/qpa�m]kci=o�f²xy¨8Z9�i&sUf-kck<lut� Z ¦��������
	 Ø ���� §/§cØc§�]Ø ¨ §=© ¨

���������������������! #"$�%�'&(� ������
�C�-��}U�v���v���/�"zU� � }U¼P��zP¼P���/�v��¶P�=��ÅÇ����} � �$�v��zP¼� 6 zP¶ � }<���"���U�9�á���Ä�"|º� � �e¼U�/�=|u�'��}U�/�e}��"z4�Pz � ÅÇ� ��}úê 
 ≤ 8M�. 
 � � � zc½¯|º�/�v�v��� 6

�/{�z*)
ef > 105 + ���vz�|º}4½¯�1�UzP{r|`}¹¼¯zP�/�vzP¼P�vzU����}U���/���e¼P�=�=|ºÅí�=������� � zP�v�vÅ���{-}4��¼UÅ � z]½É|º�/�7�

T ≤ TF . 
 � � ¼µ}<�ó�P�/z � ���½� 6 ¶PÅÇ�º} ��z4�=|`}U�v}-,�}U�"| � }4�����"��} � zU� ®<ý`±Vô/.1032�B���034"ø657.10?��� é]³98�é]´=�
� zP�"}4�]}U¼4�¹�v���c���Uz�|`}4¼4�$�����v�Ò¼ �=�P����zP¶UÃP�����<}c��z �v� �²|º�=�����/�U�9�¹���"�$ÃP�vz ¼PÅ � z]½¯|º���v��Å������=�����	�� � zP�v��Å�� {-}4�ezU��±
:'}U���/��zU� � �v� {-}4��Y�� � ����zP�vzP¼ � ��}U���/zP� m,

�v���/� ¼P¼U�"|$�J�-�$����� � zP�vÅ �"�$� ������� � zP�vÅ�±
 �U�/�PÃ me ¿ ��}4���e} �-�$����� � zP�v}�� mp ¿ ��}U����} ���"���$zP��}���}
x = pF /mc.

yÍzU{r|`} �Â�"�v�/�UzP�
EF = mc2(x2 + 1)

1/2
,
����®;8�± ë ´Ç�=�$�²|$�P�=�c�����Uz ��� � T � TF :

ρ

µ
=

8πm3c3mp

3h3
x3, P =

8πm4c5

h3

[

x
√

1 + x2

(

2

3
x2 − 1

)

+ ln
(

x +
√

1 + x2
)

]

,

(XIV.1){r|$�
µ ≡ µe = 2/(1 + X)

|v���À�=�$�/��� � zP�vzP¼»� µ = 1 ¿ |����À�v�/��� � zP�vzP¼v±X �v� �²|º�=��� x� 1
�

x� 1
����®=<�°?>�± é]´��/zPzU�U¼P�/�U�/�P¼U���v�vz � z4���"��}U�/���

P (ρ) = Kρ5/3, K = 1.0 · 1013 (me/m)µ−5/3 ��� � ρ� 106µ(m/me)
3, (XIV.2)

P (ρ) = Kρ4/3, K = 1.2 · 1015µ−4/3 �v� � ρ� 106µ(m/me)
3. (XIV.3)@����À�-�$����� � zP��zP¼�zP¶U�kY�z � ��c��Å |`}U� �Äze|$�v��}U��zP¼PÅ�� � �/�/�]�$Ã]�<}4� �v� � ρ ' 106µe

{uû4�/� 3.

¦-¥



µ 6+E38W;%X)*+B)?�¶ìÓ�· ðiaÃÂ_¼Ë' H .IQ3(76-95'5(N*].)'5P36+P3M�856-95P P (ρ)
Q:.)1O,!G3.)67( H Ch.)G½Q3P36-;@(713138FG3(+ð0PY;BOG@.W'513(71RPR?d¶�Â5aøÂI¼rP�¶�Â5aÄÌ5¼rE3G3PVG@.W*+;@P3Q313TmCV*]1@.IQ3(+13PR?OC

ρc.
Ø G@.)M H .ZCV( J 8o95(+85G3P3P½M�8_¾t1386+Q3PR9Z.W9)X3^ÕQR9)8LE3G3P

lg ρc < 6
6-95GRB H 9WBYG3. �h� 8)E3P367T�'5.)(+9)6�?SE38W;%PR9)G385E38)e\6àï�f�� u ¹¿P K

PR*
¶�Ó�· ð0aº¹5¼<^@E385c-9585MÕB¿6+8 J ;!.)6+138L¶�Â5aÃÂ_Ì5¼�,@;@?£M�.Z;@85M�.)676+P3'513TmC �h� ±

M = 0.50M�

√

ρc

106

(

2

µe

)
5

2

, R = 1.1 · 104 H M
(

106

ρc

)
1

6

(

2

µe

)
5

6

, R ∝ K ·M− 1

3 .

(XIV.4a)Ø 95(78)G3P3PíQ:.)1O,!G@.W67( H Ch.)G@.ñERG3P lg ρc � 6
6+9)GRB H 9)BOG@. �h� E3G3PR4W;%PR¾Ë.W(+956�? H 6+95GYB H 9)BOG3(ER8W;%PR9)G385E3138)ep*]'5(-*-,!Tó64ï�f��ÎP

K
PR*Ë¶�Ó�· ðia?�D¼<^h9_aÒ()aYE3G3P

ρc −→∞
G@._,!PYB56

R −→ 0,
.ÎM�.)6+6].

M −→Mmax ≡MCh '
5.75

µ2
e

M�, (XIV.4b)

H . H c+9)8�6<;%(<,%B)(+9�PR*f¶�Â5aÃÂ]>D¼-a > ;3?u©4«)^�APo¯ µe = 2−→ = Ch = 1.44 = �,
.m,@;@?u°�«

µe = 56/26
−→ = Ch = 1.24 M�.

E
,!13. H 8Î(+6+95X:,!'D.Îc+³:³´( H 9Z.R^OPR*+Ú *I. H 8)9585GRTmC ρc

�Ç� 13(
M�8_¾i(+9i4)T�95X06 H 8W;%XÎB J 8],%138i458W;@XWÚð085e�±@13(+eR95GR8513PR*].)[3PR?NP£c+³:³´( H 95T E�Á�Eia
ÂI¼ ² G385[3(+676:13(7eY95G3851RPR*I.)[RP3P¯?h,!(7G¿E3G3PR'587,!PR9 H E38513PR¾i(713P3×ùBOE3GRB J 856+9)PN'5T�G38I¾r,!(71R138 J 8«<Ú J .W*]. =⇒ γ

6-9Z.)1385')PR956�?
< 4/3

P �Ç� 95(+GD?3(+9£B56-9585eRQ3P3'5856-95X3a K PR¾r(0E3G3P3'5(q,!(71RTl13( H 8)9)8WÚGRT�(f'D.W¾t13T�(�G3(7. H [3P3P¿13(+eR95GR8513PR*].)[3P3P¯P¿B H .W*].)1@.iE385GR8 J 85'5.W?ÖEY;%8W9513856-95X ρcr

¶ J u 67M 3),
E3G3P

H 8)9)85G385e¯851@.r1@.IQ3P313.)(+9)6�?�±
56
26Fe + e− −→ 56

25Mn + ν (1.2 · 109), 16
8 O + e− −→ 16

7 N + ν (1.9 · 109),

12
6 C + e− −→ 12

5 B + ν (3.9 · 109), 4
2He + e− −→ 3

1H + n + ν (2.1 · 1010).

¹)¼ µ *N¶ìÓ�· ðiaÒÑh¼f6-;%(q,%B5(-9_^�QR9)8N1@.¿E385'5(+G5CR1R856+9)P �h� 6 = ffýRaºÌ = �

ð
∞ = (2GM/R)1/2 '

0.01c.
² 8)6 H 8W;%X H BoERG3PoBO'5(<;%P3Q3(+13P3P\M�.)6+67TUG@._,%PRB56 �h� BOM�(713X)ði.)(+9)6�?�^Õ8W95138)ð0(713PR(�ð

∞
u »G3.)6+9)(+9n6tG3856+9)85M

ρc.
² 85c+9)85MÕBFERG3PFG@.W67Q3(-95(Ö6+9)GRB H 9)BOG3T 6].)M�TmCoM�.)6+67P3')13TmC �Ç� 6-;%(q,%B5(-9

BOQ3PY95T�'D.W9)Xnc7³:³:( H 9)T E�Á1El/A67M�ak13PY¾r()a � 8W;@(7(t9)8 J 8R^kB J (-;%PR(7'5TmC �h� E38)9)(7GD?FB)6+9)85e3Q3PYÚ
')856+9)P#ERG385P36sC58],%PR9Í13(n6-958W;@X H 8åPY*+Ú *].\13(7eR9)G38513PY*I.)[3PRP�^�6 H 8W;%X H 8åPR*-Ú *I.ñc+³:³´( H 958)'ÏE�Á�Ei^
ER856 H 8W;%X H B2,@;@?¿13(+eR95GR8513PR*].)[3P3P J (-;%PY?N13(+854]CD87,!P3M�.Ï1@.)P34)8W;%X)ði.W?¿EY;%8)9)13856-95X3a
K (+eR95G38)13PR*I.W[3PR?rPic+³:³´( H 95TÏE�Á�E½13(71@.WM�138 J 8�M�(71R?R×�9fM�. H 6+P3M�.Z;%X51R8�'58)*7M�8_¾t1RBO×½M�.W6-Ú6-B �h� ^�E3G3(<,%6 H .W*]T�'5.)(7MÕBO×�95(78)G3P3(7eíQ:.)1O,%G@.)67( H Ch.WG@.R±�1@.WE3G3P3M�(+G�^�,@;@?ÍB J ;%(+G387,!138 J 8 �Ç�

= max = 1.40 = �

'5M�(+6+9)8 = Ch = 1.44 = �,
.£,@;@?ñ¾r(<;%(+*7138 J 8¯/ = max = 1.12 = �

')M�(-Ú
6-958 = Ch = 1.24 = �. K 82't95(78)G3P3P Q:.)1O,!G3.)67( H Ch.)G3.pM�. H 67P3M�.Z;@X51@.W?NM�.)6767.t678)8)95'5(-956-95')B)(+9ERG3(<,!(<;@B

ρc −→ ∞ P
R −→ 0,

9)8 J ,�. H . H '\G3(].Z;@X513856-95P = max

,!856-95P J .W(+956�?�E3G3P H 8WÚ1R(7Q313TmCñ*]1@.IQ3(+13PR?YC
ρc

PAb´±b'LQ@.)6-95138)6+95P�^`,@;@?ñB J ;%(+G387,!13TmC �h� ρmax
c ' 6.0 · 109 J u 6+M 3,

Rmin = 1500 H M�^�.A,@;@?V¾r(-;%(-*]138 J 8É/ ρmax
c ' 1.2 · 109 J u 67M 3, Rmin = 2200 H M�a ² G3P

ρc > ρmax
c

J PO,%G3856+9Z.Z95P3Q3(+6 H PÉG@.)')1385'5(+6713T�( H 8)13³:P J BOG@.)[RP3P�^3,�.)'W;%(+13P3(Î' H 8)958)G3TmC¯85E3G3(q,!(-Ú;3?3(+9)6�?A'5T�G38I¾r,!(7131RT�M#c<;%( H 95G3851R13T�M J .W*785M�^�1R(+B56-9585eRQ3P3'5Tf^�P�^�6-;%(q,!85'D.Z95(-;@X51383^�13(iM�8 J BO96-Bhgi(76-95'58)'D.W95XRa
� 85GRG3( H 9)1@.W?V95(78)G3PR? �Ç� 9Z. H ¾r(£BOQ3PR95T�'5.)(+9S13(+PO,!(<;%X513856-95X\c<;%( H 9)G385131R8 J 8 J .W*].R^�854)BDÚ6<;%85'W;@(7131RBO× H BI;%85138)'56 H PRML')*I.WP3M�87,!(7e36-95'5PR(7Mnc-;@( H 9)G3851385'�6�?O,!G@.WM�P�aZ��958
')*I.WP3M�87,!(7e36-95'5PR(BOM�(+13X)ðr.W(+9 )

e

E3GRPi9585ei¾r(�EY;%8)9)13856-95P�^5ERG3P3Q3(+Mn,@;3?i'5T�G38I¾r,!(71R138 J 8fc<;%( H 95G3851R138 J 8 J .W*].Ë¶Ð'

�/�



8W9];%P3Q3P3(:8)9 H ;!.)676+P3Q3(+6 H 8 J 8 J .W*].D¼m8)951R8567PR9)(-;%X)1@.W?£'5(-;@P3Q3P31@.rE38)E3G@.)' H P H ,!.)'W;%(+13P3P3×ùG@.W6-Ú
9)(+9n6ÏBOM�(713X)ð0(713PR(7M EY;%8)9)13856+9)P�a Ø G3(+*+B_;@X_9Z.Z95()^`BYQR(+9n13(+PO,!(7.Z;%X5138)6+95Pè«<Ú J .W*].£BOM�(713XWðr.)(-9*71@.IQ3(71RP3( = max�h� '567( J 8Ë1@.01R(76 H 8W;@X H 8tE3GR85[3(71Y9585'3^Y*I.W9)8 H .WG5,%P31@.Z;%X)138ËM�(71R?R(+9r*I.W'5P367PRM�856+9)X
= ¶<b�¼Ï'F8)4W;!.)6-95PóM�.Z;%TmC½M�.)6+6\¶ÐP ρc) :

*I. H 851 R ∝ M−1/3
E3(7GR(76+9Z.W(+9åG@.)458W9Z.W95X3^�PÍE3G3P

M ∼ 0.003 = �

G@.I,!PRB56fCD8Z;%87,!1385e¯'5T�G38I¾Ë,%(713138)e H 8513³:P J BYG3.)[3P3P�^!678)6+958I?Ygi(7eNPR*´67M�(76+P ©PÄ©4«�,!856-95P J .W(+9ÖM�. H 6+P3M�.Z;%X51R8 J 8Ï*]1@.IQ3(+13PR? ∼ 30.000 H M�^%.r*I.W9)(7MÍBOM�(71RX)ðr.)(-956�?n6fBOM�(71RXWÚð0(713PR(7M M�.W6767Tfa���9Z.É854Z;!.)6+9)XnM�.)676Ö6+858)9)'5(+9)6+95'WB5(+9FEY;!.)1R(+9Z.)M�Ú J P J .)1Y9Z.)M 95PRE@. �lE3PR95(+G@.R^
B H 8)9)85G38 J 83^`'NQ@.)6+9)13856-95P�^ = ' 0.001 = �,

b ' 143.000 H M�a � . H '5Ph,!138NPY*pG3P36-BO1 H .£,@;@?¾i(-;%(-*]138 J 8 �Ç� M�. H 67P3M�._;%X51385(f*71@.IQ3(713PR(ÎG@.I,!PRB567.r,!8)6+95P J .)(+9)6�?nE3G3P M ∼ 0.1M�.

+%zW�-, ö �_}

�=@



E�6+9)T�'D.)13P3(´45(<;%TmC H .)GY;%P H 85'
² (+G3'D.W?¯95(78)G3PR?A856-95T�'D.)1RPR? �h� 678)*<,�.)1@.£À�a ( a � .WEY;!.)138)M#'nÂ]÷)ÑD÷ J a�PÉ1R(+*I.W'5P367PRM�8 µ (-Ú6-95(<;%85Mæ¶�Ò�a = «CÉ�Ê�«CÔ ^�ÂI÷5ÌYÂ_¼-a ² 82c-9585eL9)(785GRP3P �h� 67856-9585PY9¿PR*i'5T�GR8_¾r,!(+13138 J 8p?O,!G@.Y^�' H 8W958WÚGR85Mÿ6+8567GR(<,!8)9)85Q3(+1@.£ERG@. H 9)P3Q3(76 H PF')6�?AM�.)6767.R^�Pn958)1 H 85eA;3BYQRP36+9)85eo8)458W;%85Q H PnPR*Ë13(+'5T�G38WÚ¾r,!(+13138 J 8 J .W*].Ra3&�. J G3.)13P3[RBË?h,!G@.ÎERG3P313P3M�._;!.)67X´9585Q H .Y^Y' H 8W9585G38)eÏ,�.)'W;@(713P3(�1RB H ;%851R138 J 8

P = ρ<T/µi

P¿13(+G3(-;@?Y95P3')P36+9)6 H 8 J 8Öc<;%( H 95G3851R138 J 8 J .W*I.¯¶ìÓ�· ðiaÄ¹5¼m87,!P31@. H 8)'5Tfa ² 85c+9)85MÕBÖ1@.
J G@.)13PR[3(´?h,!G@.rP3M�(+(7M�±

ρc = 2.4 · 10−8µiT
3/2
c . (XIV.5)µ *tBYG3.)'513(+13P3e J Ph,!G3856-9Z.W95P3QR(76 H 8 J 8oG3.)'51385')(767PY?©¶�Â)aºÌ5¼fPo;@BOQ3PR6+958)eS9)(7EY;@85E3G385')8],%13856+9)P¶ ð�·�·qaÊ�D¼�'�6<;@BOQ@.)(W^ H 8 J ,�.
1R(7E3G38W*]G@.IQ3138)6+95X�85E3G3(q,!(-;3?3(+9)6�?Î*]. H 851385M � G@.)M�(+G36]. κ = κ0ρT−7/2,ER8W;@BOQ@.)(+M�±

dP

dT
=

16πacGmrT
13/2

3κ0Lrρ
=

16πacGM<T 15/2

3κ0LµiP
≡ C1

L

T 15/2

P
. (XIV.6)

&%,%(767XtBYQY95(71R83^�QR9)8pM�.)6767.p85458W;@85Q H P¯M�.Z;!.R^�.2(7(Î67'5(-95P3M�8)6+95XªÒ\E3856-958I?31R1@.R^�9Z. H QR958 C1/L/ H 85136-9Z.)1R9Z.Ra ² G3P P (R) = T (R) = 0
G3(+ð0(713PR(Ö¶ìÓ�· ðia?>D¼m(76-95X3±

P =

√

4C1

17L
T17/4, ρ =

µi

<

√

4C1

17L
T13/4. (XIV.7)

ÀmQRPR9Z.W?�^%QR9)8L¶�Ó�· ð0aUö5¼�E3GRP3M�(713PRM�82'5EY;@8)95X0,!8 J G@.W13P3[3T�6f?h,!G385M�^3PY*p¶�Ó�· ð0aºÌ5¼�E38Z;@BOQ3P3M�±

L = C2MT 7/2
c . (XIV.8)

µ *-Ú *I.A'5T�6+8 H 85eV9)(7EY;%8)E3G385'587,!1R856+9)PÍ'5T�G38I¾r,!(7131R8 J 8oc-;%( H 95G38)13138 J 8 J .W*I.AM�8I¾21R8o6+Q3PR9Z.W9)X?h,!G38ÏPR*]8W95(7GRM�P3Q3(76 H P3M�^�E385c+9)85MÕBo¶ìÓ�· ðiaôõD¼m67'W?R*]T�'5.)(+9267'5(-95P3M�856-95X �h� 6:( J 8t[3(+1R95G3.Z;%X5138)e9)(7M�E3(+G@.W9WBYGR85e�a
Á`(7EY;@85(7M H 856-95XÖ'5T�G38I¾r,!(71R138 J 82c-;%( H 95G38)13138 J 8 J .Z*I.pE3G3P T � TF

'
TF /T

G@.W*0M�(713XWði()^
QR(7M 95(7EO;%85(7M H 856-95X J .W*I.S13(7')T�G38I¾Ë,!(+1313TmCó?h,!(7G#.W9)85M�85'3a ² 8)c+958)MÕBÍ'56�?ó9)(7EY;%8)'D.W?©c71R(7GYÚ
J PR? �h� 678)67G3(q,!8)958)Q3(71@.\'F?h,!G@.ZC�a S 6<;%Pó8513Pó854)G@.W*7BO×
9 J .W*5^�958ñ*I.WE@.)6N9)(7EY;!. �h� Qc =
3<TcM/2µi. ò (-ðr.W?VBYG3.)'513(+13P3( dQc/dt = −L

6¿BOQ3(+9)85M ¶ìÓ�· ðiaôõD¼Ï1@._CD87,!P3M�^�QR958F'5G3(7MÕ?
8)6+95T�'5.)13PR?£?O,!G3. �Ç� 8)9Ë95(+M�E3(7G@.Z9)BOG3T

Tc0

,!8Ë95(+M�E3(7G@.Z9)BOG3T
Tc

(76-95X3±

t = C3

(

1

T
5/2
c

− 1

T
5/2
c0

)

(XIV.9)

Ø E3G3(q,!(-;@(
Tc � Tc0

E38W;@BOQ3PRM�±
Tc ∝ t−2/5.

ÀABOQ3(+9)85MS¶�Ó�· ðiaôõD¼�8)9)67×�,�.
6-;%(q,%B5(-93±
L(t) ∝ t−7/5P

Tef ∝ t−7/20,
ER856 H 8W;%X H B¿G@._,!PYB56 �h� E3G3. H 95PRQ3(76 H PL13(:M�(71Y?3(+9)6�?�a

Á`(785GRPR? � .)EY;!.)13.ZÚ µ (+6+9)(-;!.Ï45Tm;!.iBh9585Q31R(71@.Ï6:BOQ3(-9585MV95G3(<CN8)456+9)8_?Y95(<;%X56+9)'3±ÂI¼�E�Ch;!.Z¾Ë,!(+13P3(:?O,!G3.Ë1R(7eR9)G3P31313T�MóPY*+;@BOQ3(+13P3(7Mó13.ÏG@.W1313PYC¿c-9Z.)E@.ZC£8)6+95T�'5.)13PR?
¹)¼ Ø 8)*]1RP H 1385')(713P3( H 8513'5( H [3P3P¯'Ë85458W;%8)Q H (�5¼ ² (+G3(-C587,i?h,!(7G31R85e H 85M�ER8513(71Y95TñPR* J .Z*]85854)G@.W*]1R8 J 8 678)6+958I?R13PR?´'�95'5(+G5,%85(�E3G3P´E38513PR¾i(713P3P9)(7M�E3(+G@.W9WBYGRT�,%8t'5(<;%P3Q3PR13T ' 2 · 106Z2(ρ/109)

1/3 Ð ^ J ,!(1¹LÚ�*].)GD?O,A.W9585M�1R8 J 8r?O,%G@.Ra
² (+G3'5T�(Õ,!'D. ³Î. H 9585G3. BO'5(<;%P3Q3P3'5.)×�9�6 H 85G3856-95X�8)6+95T�'5.)13PR? �h� ^_. H G3P36+9Z._;3;%PR*].)[3PR?i?h,!(7GBO'5(<;%P3Q3PR'D.)(+9¯95(+EY;%85(+M H 8)6+95Xn1YB H ;%8513138)e H 85M�E3851R(71R9)Tf^`9_aÒ()a�*I.)E3.)6r95(7EO;!. �h� ^�95(+M�6].WM�T�M

� V



�r; yZ���
Tef , K L/L� Tc, K

3 · 106 5.8 · 104
ô<, V

7 · 107

9 · 107 3.0 · 104
ô<, ô �

2.5 · 107

9 · 108 1.3 · 104 1.6 · 10−3 7.1 · 106

8 · 109 3.9 · 103 1.3 · 10−5 4.8 · 105

+%zW�-, ö � }

*].)M�(<,3;@?R?n( J 8Ö856-95T�'D.W13P3()a Ø ÁÕ.)4Z;%P3[3(iERG3P3'5(q,!(713T 13( H 8W9585G3T�(ËE@.WG@.)M�(+9)G3T 856+9)T�'D.)×�g0( J 8B J ;%(+G387,!138 J 8 �h� 6
M = 1M�.Àm'5(+GDCY138)'5T�(Î9)P3E@.Ë·¡O

S 6<;%Po13.±�Ú�¯ 4)(-;%T�e H .)GY;%P H 6 M < MCh

'p,%'585e3138)eÉ6+P36+9)(7M�(ÏE3G385PR6sCD87,!PR9L. H3H G3(+[3PR?')(+gi(+6+9)'D.f')9585GR85e H 85M�E38513(+1R95Tå6m9)(7M�E385MÉ. HRH G3(7[RP3P Ṁac,
958f' H . H 85eOÚ 958fM�8)M�(71R9fM�.W676]. �Ç�,%85eO,!(-92,!8p'5(<;%P3Q3P31RT

MCh

P H .)GO;%P H ,!8W;3¾r(71n6 H 8Z;3;!.)E36+P3G385'5.W95X3aNE�,%1@. H 83^!6 H 85G3(+eÉ')67( J 83^,%8tc-958 J 8r,!(<;%8Ï13(�,!8]CD87,!PR9_aÁ P3ERP3Q31385eÖ?R'W;@?3(-956�?£67PY9)BD.W[3PR?�^ H 8 J ,�.Ë. HRH G3(7[RP3GRB5(+M�85(´'5(+g0(76+9)'5826+87,!(7GD¾tPR9i,!856+9Z.Z9585QYÚ1R8NM�138 J 8¯')8],%85G387,�.R^ H 8)958)G3T�e�^bE385E@._,!.W?É1@.£ER85'5(7G5CY13856-95X �Ç� ^k6 J 85G@.W(+9L'£6-;@85(7'58)M \Å#¯�Ú
PR6+958)Q313P H (0P¯E3G3(+'5G@.Wgi.)(+9)6�?L' J (<;%P3e�a ² G3P Ṁac ≤ 10−8 = �

u J 87,L8 H GRBh¾Ë.)×
giP3e§�Ú�¯ ?h,!G38
6<;%85e J (-;@PR?F8 H .Z*]T�'D.)(-956�?\')T�G38I¾Ë,!(+1313T�M�a ² 8¯M�(+G3(213. H 85EY;%(+13PR?F. H3H G3(+[3P3GRB)(7M�8 J 8n'5(+g0(-Ú6-95'D.2,�.)'Z;%(713PR(tPA95(+M�E3(7G@.Z9)BOG@.N'£6-;%8)( J (-;%PY?o13.)G@.)6-9Z.)×�9_^bQR958£' H 8)13(7Q31R85M�PR9)8 J (ÏE3G3PR'58WÚ,%PR9 H '56+E3T�ði(+Q31385MÕB2'58)* J 85G@.)1RP3× J (<;%PR?t/Ï.)1@.Z;%8 J�J (<;%P3(+'585e¿'567ERT�ð H PÖBÏM�.Z;%85M�.W6767PR'513TmC

� �



*7'5(+*<,ba Ø G3(-*7BI;%XI9Z.W95(´'58)*713P H .)(-9r,%'5(�'58W;@13Tó,%(+958)1@.)[3P3P�^@8],%1@.iPR* H 8)958)G3TmC¿G@.)6+E3G3856-95G@.W1R?YÚ(-956�?£'51RBh9)G3X3^@P313PR[3P3P3GRBW?N')8)* J 85G@.)13PR(´')T�G38I¾Ë,!(+13138 J 8rB J ;@(7G387,�.¯¶ÐP H P36<;%85G387,�.5¼-^%.r')958)G@.W?/Ë,!')PR¾r(+9)6�?N13.)GRBh¾tB)^@E387,%¾tP J .W? J (<;%P3e�a�m1R(7G J PR?ó67'W?R*]P �h�
Eg ' GM2/R,

QR9)8\E3G3P
M = 1 = �, R ' 109

67MU6+856+9Z.)'Z;@?3(-9
∼ 3 · 1050

c+G J a ² G3P¯ERG3(7'5G3.Wgi(+13P3PFÂ J B J ;%(7GR8],!.t',°�«´')T�,!(-;@?R(+9)6�? ∼ 5 · 1017
c7G J ^@E385c+9)85MÕB,%(+958)1@.)[3PR?

M = 1 = �

B J ;%(+G387,�.nE3G3P3'587,!PY9 H '5T�,!(-;@(713P3× ∼ 1051
c+G J ^ÕQR9)8¯,!856+9Z.Z9585Q31R8,3;@?£G@.W*]GYBOð0(713PY? �h� a

² G3P
Ṁac > 10−8 = �

u J 8],k^�'5T J 85G3.)13P3( J (<;%PR?oE3G385P36sC587,!PR9n'£67E38 H 8)e31385MÿG3(+¾tP3M�()^�9Z. HQY958¿c7'58Z;%×�[3PY?L9Z. H 8 J 8 �h� 6+'587,!PR956�? H E38)6+95(+E3(71R1385MÕBnG38)6+9)B �Ú�¯l?O,!G3.Ra ² G3PnE3GRP34W;%PR¾i(-Ú
1RP3P¿M�.)676+T �h� H MCh

EY;%8)9)13856+9)X2Pp9)(7M�E3(+G@.W9)BOG@.t'58r'51RBh95GR(71313POC£854W;!.)6-9I?YC¿ER85'5T�ðr.W(+956�?
13.)6+9)8W;%X H 83^!QR958tE3G385PR6sCD87,!PR9Ö')8)* J 85G@.)13PR(´B J ;%(+G387,�.n¶ÐP H P36<;%85G387,�.D¼<^!.ÏG@.W67E3G38)6+95G3.)1R?3×
gr.ZÚ?R6�?\1@.)GYBO¾ÏBL,!(+9)851@.)[RP385131@.Z?#¶ÐPY;@Po,!(7³�;!. J G@.)[3PR85131@.W?@¼Î'58W;@1@.NE3G3PR'587,%?R9 H G@.W*]GYBOð0(713PR×�Ç� a
ÀmQRPR9Z.)(+9)6�?�^�QR958ËB H .Z*I.)131RT�(0M�(-CD.)13PR*7M�Tù8)95')(+956-95'5(+1313Tù*I.Ë³:(7138)M�(71£67'5(+GDCY138)'5TmC£95P3E@.

·q^Y,3;@? H 8W9585G3TmCÖCD.)G@. H 95(7GR13Tù6-;%(q,%BO×�g0P3(01@.W4W;%×�,�.W9)(-;%X)13T�(0E3GR8_?R'W;%(+13PR?�±

• 'Ë67E3( H 95G3.ZC¯13(+9r;%P31RP3eN'587,!8)G387,�.
• 67')(7G5CY1385'5T�(´c+9)8 J 8Ï95P3E@.Ë67'W?R*I.W13T�6+8t6-9Z.)G3T�MÍ1@.W67(-;@(713P3(+M J .Z;!. H 95P H
• 'ËM�. H 67P3MÕBOM�(´4W;%(+6 H .Ï6+'5(+9)P3M�856-95Xp4W;@PR* H . H 1043 c7G J u 6
• 13(-9 H 85M�E3. H 951RTmCN8)6+9Z.W9 H 8)'2E3856<;%(´')*]G3T�'5.
• H P31R(+95PRQ3(76 H .Z?Lc71R(7G J PR?NG3.W*+;%(-9Z.)×�g0(7e36�?L85458W;%8)Q H P ∼ 1051

c7G J a
Àm')(7G5CY1385'5T�(:95P3E3.RÍ2Å�·¡OË6-;@Bh¾Ë.Z9 ò-6+9Z.)1O,!.)GR951R85eL67')(7Q385eNòWa

Àm')(7Q3(+13P3(´85458W;%8)Q3( H Í2ÅN·�E3G385P36sC587,!PR92*].Ï6+Q3(+9tc71R(7G J 85'5T�,!(<;%(713PY?LE3G3P£G@.)6+E@._,�._C�±
56Ni + e− → 56Co + νe (t1/2 = 6.1d), 56Co + e− → 56Fe + νe (t1/2 = 77d).

+!zZ�-, � ô_}W~!�7���@w<�-z_�_�����Iwq�
�_�Zz_�+w<��x<yW�����Iw����+���7�I�_�-�������<z_�Zwh58,

� �



+!zZ�-, � |-}W~��Zw-�-�_���_z_�Õ���_���_�<�_�+� ���+���7�I�_�-�����h5�z�5T5��<z_�Zw��Zw��Ww-0�yWz_�_�����
���qw<�Zw<�P,

ACB�D�E�F�GIH�¾KJ�LCB7]�MON�PQ�Q#R$B%S�TUB�SWV�R
X�Y1Z\[^]1_a`b_dcfe1g'hikj3_ml7Ybnao9p1Zqpke1Zsr6_9r6j3_dtkp1ektuo9Z6vwZqrxj9oyn�z|{}_9]1ekrq~'oyn3Zxj9r�t�rq_9_3j3p1_3�wZqp1e��

Z6g��=���?�����d��[1`bt���n���nso9~'Yk_dc*[^Z6p1p1~/��p1Zq�kj3Y1_9p1_3o1h�n�j9Z6_9Y1ekt�j�t1�q_aj9Zqpkekt���p1�3��j9_3p1_9o9r6��n�t��
�O_9��[�nkhb�7n3��eso�rx`bl7ibnaZ� K¡*hb]1_a`1l�ike1g'h�i�j9_¢]kY1e$£6gUnd`W~/��£6]�`W_3j3p1_9rxj�t��¤�=p1ZqYkZx`bt�j9e1o9ekr6j9r6�¥_9Z
o3~'Y1_�c¦[^Z6p1e1Z§�

M z¨{ ∝ ρ
1/2
c , R z|{ ∝ ρ

−1/6
c ,

nmgUn3�¥r6e1gUn�`W�9p1nat©gUn3r6r§n�z|{ª_9]1Y1Z\[^Zx`btkZ6j3r�t
]kZqY1Z��y_q[^_9g«p1Z6�kj9Yk_9p1_9o-o�l�`W��j9YbnaY1Zx`bt�j9e1o3e1r6j3rq�1e1�¬]1YkZ�[^Z�`¬e�Y1n3o9pbn

Mmaxz¨{ ' 5.75M�,
jd�Z3�

®
Ch

ek�¯�=�#�?�w�±°3²W�¦]kY1e
µ = 1. ³ [^pbn3�¥_1hUom_3j§`We1ike1Zs_3j� K¡*hj�n3�¥_9Zs]kY1e1´a`We�c*Zqp1ekZs]�`W_§�9__3]1e1rq~'o9n3Z6j¢z¨{�]1_�rx`bZ�[Wl7��vwe1g©]1Yke1i1e1pbnag'�

µ#�w]1_9rx`bZ�[^p1Z6�q_¶rq_9_aj9p1_3�wZqp1e�t�o��=���?���°y·y��e-o3~'Ybnac*Z6p1ekt�[b`1t
K
�=�#�?�w�¹¸3��rx`bZ�[Wl3Z6jdhºikj9_

]kY1e�_q[^e1pbna�7_3o9_9�wgUnarqrqZ
R z¨{ = R  K¡ ·(me/mn)µ

5/3
e ' R  K¡ /600

]kY1e
µe = 2.

�/�_1��l7c�Z»]1Yke
®s¼�½��¹¾¿®

�

Ybnd[^e�l9r*z¨{ ∼ 20
�1g'h�n

V∞/c ∼ 0.3,
]1_3À6j9_3gÁlsrxj9Y1_9Z6p1e1Z¦z¨{�p1Z�`W�3�6tÂYbn3r6rqgUnaj��

Yke1oynaj3�¶oÃY1n3g�7n��-j3Zq_9Y1ekemj�tk�q_3j3Zqp1ekt�z��9��j3_9pbnk��µ�gZ6p1p1_�ÀqÄ�Ä�Zq��j9~ ³ � ³ _9�qY1n3p1e1i1ekoyn3��j
gUna�7r6e1gUn�`W�3p1_so9_a�§g_�c¢p�l���gUn3r6r6lmz¨{�h�]1Y1e1ikZqg«]1Y1_3e1r��y_q[^ekj-À6j9_�]1Y1e

lg ρc ≤ XIV.5,
jd�±Za�

[W_�j3_9�q_kh��7n3��p1Zq�kj3Y1_9p1~År6j�n3pkl¥j�Y1Zx`1tkj9eko9e1r6j3rq�1ekge�Æ�[1`bt�p1Zq��j9Y1_9pk_9o�Ä�_9YkgÁld`b~Ç�È�#�?���É¸9��e
�È�#�?�w�ÉÊy�Ë[�na��j�_q[^e1pbn3�¥_9o3~'�sY1Zx�ql�`W��j�naj¿]kY1e

lg ρ ' 16.µ#�w�
�3�Ì�d¾�²W�Áe-�È�#�?���É¸9�rx`WZ\[Wl9Zxjdhkikj3_w]1Yke¢_q[^e1pbna�7_3o9_9�¢gUnarqrqZ
ρ
z¨{
c = ρ

 K¡
c · (mn/me)

3/µ5
e,i�j9_w]kY1e¿®s¼�½��¹¾¨®

�

e
µe = 2

[�n3Z6j
ρ
z¨{
c ∼ 2 ·1014 ��Íar6g 3. Î j�n|o9Z�`We1i1ekpbn|r6Ybn3o9p1ekgUn¨rÏt7[^Z6Y��pk_9�Â]�`W_3j3p1_9rxj9�9�

ρnuc ' 5 · 1014 �§Íarqg 3,
�¥_3j9_9Y1natÂ]1_a`1l�i1n3Z6j3r�tÂ[WZx`WZ6p1e1ZqgªgUn3r6rq~Ðp1Zq��j9Y1_9p1n

p1n-_9´9�9Z6g'h�rq_3_3j9o9Zxj9rxj9o3l7��vwe1�©Ybn�[^ekl9rxlm[^Z6�1r6j3o9ekt¬t7[WZqY1p1~/�$rqe�`
rn ∼ 10−13 rqg'� ³ j9rq�»[^nr�`WZ�[bl9Z6jdh�ikj9_�p1Z6�kj9Y1_3p1p1~'�-��na�|p1Z�`W�3�qt¶YbnarqrqgUn�j9Y1e1o9naj9�f��na��e7[WZ§n�`W�3p1~'�s��na�|p1Z6o3��n3ekg_§[WZq���

rxj9o3l7��v�e���ibn3rxj9e1Ñ!�
ÒOn3o9p1_3o9Zqr6p1~'�$rq_9rxj�n3o�o9Z6vwZqrxj9oyn�z¨{upbn��9_q[^ekj9r�t¤ek�¢l9rx`b_9o9ekt$gekp1e1gÁl7gUn-Àqp1Z6Y1�qeke

E =
+Enuc(A, Z)+Ee+Eei+En+... Ó _3�§g_�cfp1_9r6j3��_3´9Ybna�q_9oyn3p1e�tf£6Ybn3o9pk_9o9Zqr6p1~/��£xt7[WZqYw_3´3l9r�`W_9oa�`bZqpbn|jd�p���]1e1�1p1_�t¥[^ZqY1pk~'ge¶YkZ§n3�1Ñkekt1ge�h��¥_3j9_9Yk~'Z�g_9�6l¥j*e7[bj9ef[�nac�Z�]1Y1e¢Ô�¼�½|ek�6�Õ��nwpbnd`We��
ikekt�£6p�ld`bZqo9~/��£6�¥_a`WZ6´yn3p1ek�*Y1Z6�wZ6j9�ke�r»Àqp1Z6Y1�qekZq�

E0 = hω0/4π,
��[^Z

ω0 = (4πZ2e2Ni/mi)
1/2

Ö6×



��]�`^na�qgZqp1pbn�t-ibn3rxj9_3j�nÃe1_3p1_9o¢�kY1e1r6j�nd`1`^nk�º{�n
t ∼ 105 `WZxj H → 4He

]1Y1e
ρ ∼ 106 ��Íar6g 3,

4He→ 12C
]1Y1e

ρ ∼ 109 �§Íarqg 3 eÃjd�Ø[��X�_�t1o�`WZqp1ekZ�rqo9_3´9_q[^p1~/�sp1Zq�kj3Y1_9p1_3oÃ]1Y1_9e1r��9_q[^ekj�]1Y1e
ρ ' 4 1011 ��Í�rqg 3 ��X�Y1e ρ ≥ 4 1012�§Íarqg 3 [�n3oa`bZqp1e1Z¶o9~'Y1_�c*[^Zqpkp1~/�up1Zq�kj3Y1_9p1_3o�]1Y1Z6o9_9r��9_§[Wekj Pe. Ó ]�`b_3j9�-[^_ ρnuc

o9Zxv�Z6r6j9o3_
]kY1Z�[^rxj�n3oa`btkZ6jfrq_9´3_9��rqgZqr6�¦]1ZqY1Z6_9´9_9��n�v�Zqpkp1~/�¶p1Zq��j9Y1_9p1n3ge¶t¥[^ZqY!h1_9´9Ybn��ql7��vwe����1Y1ekr6j�n�`1�
`be1i1Zqr6�kl7�ÙY1Z6�wZ6j3�kl9hºrqo3_9´9_q[^p1~/�sp1ZqYkZx`bt�j9e1o9ekr6j9r6�1e��mp1Z6�kj9Yk_9p1_9o�e-Y1Z�`btkj3e1o9e1rxj9r6�1e��mÀx`bZq���
j3Y1_9p1_3o1�7X�Yke

ρ > ρnuc

r6o9_9�1rxj9oyn¨o9Z6vwZqrxj9oynwe��§o9Z6r6j9pk~ª]7`W_§�y_1Æ7o|Àxj9_9g�[^ebn3]bn��§_9p1ZÏl7Ybn3o9pkZqp1e1Z
r6_9r6j3_�t1p1ekts��n3o9ekrqekjÃ_aj¢t7[WZqY1p1~/�srqe7`ºh�]kY1e1i1Z6gªp�l7cfp1_�l�ikekj9~'oyn�j9��gp1_9�6_9ibn3rxj9e1i1pk_9Z�o3�§n3e��
g_q[^Z6�1r6j3o9e1Za� ³ j9�1Y1~Kj¦o3_9]1Y1_9r�_wo9_a�§g_�c¢pk_9r6j3e¿]1ZqYkZx�y_q[�n*Ú¿e¢Û¿owr6o9ZqY9�7j9Z6�kl7i1ZqZ¨rq_9rxj9_�t1pke1Z3ho3_3�§g_�cfp1_9r6j3eÜ_9´9Ybna�q_9oyn3pkekt}p1Z6�kj9Y1_3p1p1_9�6_u�1Yke1r6j�n�`k`^nkh'Ä¨na�§_3o9_9�q_$]kZqY1Z��y_q[�nuo$r6_9r6j3_�t1p1e1Z
�koyn3Y1�¥_9o9_3�fgUnaj3ZqY1eke¢e¦jd�Ø[�� ³ j|À6j9e7��ÀqÄ�Ä�Zq�kj3_9o|�§n3o9e1r6ekjwr6�¥_9Y1_9rxj9��_9rxj9~'oynap1ekt¢z¦�É{��9e�Ä�_9Y��gUn��§n3o9e1r6e1g_9r6j3e

R(M)
o9´a`Wek�qe

M z*�É{�� = Mmax.

ÝWÞ�ß�à§á§â�ã§äÁå�æ1ç
è�ç
èdÞdçOédç
è�ê�ë�ì\íaîxèdï6ðÏê�ç�æ1ñ�ç
ë�ìxê�ò§ëdómô�ß
ñ�í�ï6õËè�ì�öÏ÷dëdÞdøqì\öaùbÞ�èdç
ð�ê�ëdÞdèdè�ïxð�ß
øxç�ê�Þ�æ1ï6ß
ê�Þ|ô�õËê�ë�Þ�ú
û ïxøqì\ö�÷�ëdÞdø6ì�öaù�ï6ßüêxó�ø6ì�ýOþËç�ð�èdç�ðdê�ëdï6èdèdï6ð�å�øxç
åüÿaóà

ÝWÞaß�àdá��dã
�������
	����������������	���������� �!�

Tc ∼ 4 · 108 " ����#��$�!���&%��'���(%)���*���#������
+,�-���.����#�%�+,�0/0��!�1�����324�5�'6��'�7��2'��896������%;:����'<���#���+=��>��������@?;	��.�&A�3����	���#�?9��������0/!<���<A�B	 ���&8�6&�.�DCFE��
G@HIHI��<����J��KL�

M1N



³ ´9_a�§pbn�i1e1g
ρ = ρ0(1 + E/c2), rg = 2Gmr/c

2.�O_9��[�n¶�=l7Ybnao9p1Zqpkekts�O_a`WgZ6pbn�� ³ ]1]kZqp1�6Zq�1gZ6Ybn�� Ó _a`W�¥_9oyny��Æ

dP

dr
= −G (ρ + P/c2) (mr + 4πr3P/c2)

r2 (1− rg/r)

dmr

dr
= 4πr2ρ

dmb
r

dr
=

4πr2ρ0

(1− rg/r)
1/2

.

O�n3�¥rqe1gUn�`b�9pbnat¶gUn3r6r§n�z¦�É{��1_9]kY1Z�[^Z�`bt1Zxj9r�tsÀqÄ�Ä�Zq�kj�n3ge ³ � ³ Æ��� Î p1ZqY1�6ekt�eÃ[�naoa`WZqpke1Zf£6o9Zqr�t�jW£.P¸3�@Q → rg,
jd�±�!�br¨Yk_9r6j3_9g}® ]bnd[�naZ6jSR¨�

X�_¦_9Ñ1Z6p1�7n3g�Y1na�§p1~/��nao3j9_9Yk_9o
Mmaxz¦�É{�� = 1.5÷ 2.6M�. Î j9_9gÁl�r6_9_3j3o9Z6j3r6j9oal9Z6j R ' 10

�1g'�
z¨{¯j�n3�kc*Z¦p1Z¦g_9�xl¥j�ekgZ6j9��gUn3rqrxlÂgZqpk�3��Z

Mmin ' 0.1M�,
]1_3rq�¥_a`W�9��l�]1Y1e

lg ρc ≤ 14.2pkZq�kj3Y1_9p1~«pbn�i1p�l7jfYbn3r6]bnd[�n�j9�9r�t!�!{!o3Z6�x[WZ¨r
Mmin

r6_9_3j9o3Z6j9rxj9o3l3Z6j
R ' 150

�kg'�

Ö�T



UÐP,V#PXW#Q�B�Q�F#BUJ
Y�Z\[\]�^�_`[\acb0d�_`e�a�b`f`[\[gehZ`i\[`j&k�[mlnao_\[`[pZ`q0r�[sZ`a�i`aot3aou-[`e�^�_\[mv,w

x � Ó ~'o9_q[Âo9~'Y1nac*Zqpkekt¿[b`bt ∇convÒOn3rqr6g_3j9Yke1g _3´a`^n3rxj9�1hOoÂ�7_aj9_9Y1_3�¤]kY1_9e1r��9_§[Wekjm�7_3p1o9Zq�kÑ1ekt��ÁX�YkZ�[^]1_�`W_�c¢e1g'hOikj9_ÂoÂr6e��
`1l�rx`bl7ibn3�kp1~/�-]kY1e1i1e1p�]�`W_3j3p1_9rxj9�¿��na�§nfo�p1Zq�¥_3j3_9Y1_9g�gUn�`W_9gu_9´9�9Z6gZzy

V,
�¥_3j9_3Y1~'�-´3l§[^Z6g

p1na�§~'oyn�j9���¥_9p1o9Z6�kj9e1o3p1~'g Àx`bZqgZqp�j9_9g � ¡ Î �xh�rxj�n�`^n�gZqp1�a��Z�i1Zqg oÂ_9�1Y�l7c*n3��vwZq�¤rqY1Z\[^Z3�
�O_9��[�n¿Àxj9_3j¶¡ Î pbn�i1p1Zxj�o9rq]�`b~'oynaj9�kh�]1Y1e1ikZqgªg_dcfp1_¿r6i1ekj�naj3�1h�ikj3_ÃoÃpbn�ibn�`W�9pk~'�mg_3gZqpkj
Z6�q_$]�`b_3j9p1_3r6j9�

ρ0

e©j3Zqg]1Z6Ybnajal�Y1n
T0

´9~/`We©j�na�1e1ge©c*Zah»�7n3�}e©o�_9�1Ykl¥c¦n3��v�Z6�}rqY1Z\[^Z3�
³ [^p1n3�¥_¶]k_ÃgZqY1Z*]1_q[^�3ZqgUn¿gUn�`W~'Z*ekr��y_q[^p1~'Z�Ybna�x`We1i1ekt�o ρ

e
T
gZ6c*[Wls¡ Î eÂ_9�1Y�l7c*n3���

vwZq�mrqY1Z\[^_9�m´3l§[Wl¥j¶rqpbn�ibn�`Wn�o3_3�§Ybnar6j�naj3�1hºn¿��naj3Zqg'h�[^_9rxj9e1�6pkl7osgUn3�¥r6e1gUn�`W�9pk_9��o9Zx`Weki1e1p1~�h
l7gZ6p1�3�*n�j9�9r�t!h^j�n3�¶ikj3_¢]1Y1_3�7[Wt¶p1Zq�¥_3j3_9Y1_9Z¨Ybn3r6r6j3_dtkp1e1Z

lm,
pbna�§~'o9n3Zqg_9Z�[b`be1p1_9�¶]kl¥j9e-]kZx�

YkZqgZ6�we1oyn3pkekt�hW¡ Î Ybn3rxj9o9_9Ykekj9r�t�o*_9�1Ykl¥c¦na��v�Z6��rqY1Z\[^Z�e�e1rqi1Zx�§p1Zxjd�|{/�7_3Y1_9r6j3�w[^o9ekc*Z6p1ekt¡ Î ve

j�na�kc*Z¨o9pbn�ibn�`WZ�pbnaYbn3r6j�naZ6jdh^n¦�§naj9Z6gul7gZqpk�3�*n3Zxj9r�t!�
z�nwY1n3rqrxj9_�t1p1eke

∆r
_aj¦e1r��y_q[^p1_3�¶j3_9i1�1e�Ybna�qp1_9rxj9�*j9Z6g]1ZqYbn�j3l7Y-¡ Î � e1p¥[^Zq�¥rI}��»e�_9�1Ykly�

c*n3��vwZq�¶rqY1Z\[^~ � ekp7[^Zq�¥r���~¥�K´3l§[^Z6j�Ybn3o3pbnkÆ

∆T ≡ Te − Tc =

(

dTe

dr
− dTc

dr

)

∆r. (D2.1)

{�nagZqp1e1ofo-����¸����d�
T
pbn

ρ
]1_a`bl7i1e1gÜnapbn�`W_9�6e1i1p1_3Z|o9~'Y1nac*Zqpke1Z�[b`1tsYbn��§p1_9rxj9e-]7`W_3j9pk_9r6j3Zq�

∆ρ. Ël�[WZqg�r6i1ekj�naj3�1h7ikj9_w¡ Î o9rq]7`W~'oyn3Zxj�[^_3r6j�naj3_9i1p1_�gZ\[b`WZ6p1p1_1h¥o�j9_9g�rqg~'rx`bZ3h7ikj9_¨o9Y1Z6gÁt�h�§n¯�¥_3j9_9Yk_9Z�Zq�q_$Y1na�§gZ6YªgZ6pkt1Zxj9r�tª��n3gZxj9p1~'g _9´9Ybn��§_9g'h»gp1_9�q_$gZ6p1�3�wZ3hKi1Z6g o3Y1ZqgÁt!h/��n
�¥_3j3_9Y1_9Z/i1ZqY1Zx�Ï¡ Î ]1Y1_§�y_q[^e�j¨�qo3l7�¥_9oynatwo9_a`Wpbn�� Ó À6j9_3gmr�`bl7ibn3ZË[^n3oa`WZ6p1e1ZKo9p�l7j3Y1e¦¡ Î ´3l§[^Z6jj�na�1e1g�c*Zah1�7n3�¶e�o¦_9�1Y�l7c*n3��vwZq�sr6Y1Z�[WZ3hbjd�±Za�

Pe(r) = Pc(r),
e�`beAy&�

c =
y��

e ≡
y&���

¡�_9pko9Zq�1Ñkekt�ÀqÄ�Ä�Zq�kj3e1o9p1_�]1ZqYkZqgZ6�we1oyn3Zxj-o9Zxv�Z6r6j9o3_1h�jd�Z3���6Ybnd[^ekZqpkj¶�kekgrq_9rxj�n3oyn�o�Ybnarx�
r6gUnaj9Yke1oyn3Z6g_9�s_9´�`^n3r6j3e�_aj9r6l¥j3r6j9oal9Z6jd��X�_3À6j9_3gÁl

dP =

(

∂P

∂T

)

ρ

dTe,c +

(

∂P

∂ρ

)

T

dρe,c =⇒ ∆ρ = −∆T

δ
,
��[^Z

δ ≡ (∂P/∂ρ)T

(∂P/∂T )ρ

. (D2.2)

Ó [�nap1p1~'�wg_3gZqpkj�]1_9o9Z6Y9�kpk_9r6j3�#rqÄ�ZqYk~¯rUYbnd[^ekl3rq_9g r
]1ZqYkZqrqZ6�7n3Z6j�gpk_dc�Zqr6j3o9_#¡ Î h��7nac¦�[W~'�¶e����¥_3j9_9Yk~/�Ã]1Z6Y1Z�[sÀ6j3e1g¤]1Y1_3�wZx`�Ybna�x`We1i1p1_3Z�Ybn3rqrxj9_�t1pke1Z

∆r
eÃe1gZ6Z6j¦_9]1YkZ�[^Z�`WZqp1pk~'Z

�qpbn�i1Zqpkekt¬o9Zx`be1i1e1p
ve,∇T

e ∇ρ.
{Ë`WZ�[^_3oynaj9Z�`W�9p1_khikj9_9´3~�_3]1Y1Z�[WZx`Wekj3�1h�7n3�¥_9�$j9Z6]�`W_9o9_3�

]k_3j9_9��]1ZqYkZqp1_9r6ekjÂ�¥_9p1o3Zq�1Ñ1e�t¯i1Z6Y1Z6�¦[�n3p1pkl7��]1_9o9Z6Y9�kpk_9r6j3�1h�pbn�[^_�l7i1Z6r6j9�so9��`^nd[$o9rqZ���¡ Îo3pkl¥j9Y1e-_3´a`^n3rxj9esr
r0 − lmax

m < r < r0 − lmax
m .

µ�p1~'ge�r�`W_9oynage�hW�7_3Y1Y1Zq��j9pbnat¶j9Z6_9Y1ekts�¥_9p��
o3Zq�1Ñ1ekem[^_a`bcfpbn�´9~Kj9�������!�����4���������b���Án3�¥_9��]1_q[b�y_q[¤rxj�n�`W�1e1o9n3Z6j3r�t$r¢]1Yke1p1Ñ1e1]kebn�`W�9pk~'ge
j3Ykl§[^p1_9rxj�t1ge�h»e¤`We�����o�]1_9r�`WZ�[^pkZqZ�[WZqr�tkj3e�`WZxj9e1ZahK´a`^n3�6_q[�n3Yyt�Y1na�§Ybna´9_3j9�¥Z�p1_9o9~/�¤gZxj9_a�
[W_9o¦_9]1e1rqn3p1ekt�j3l7Y1´ald`bZqpkj3p1_9r6j3e�e�]1_�tkoa`WZqpke1�C[^_9r6j�n�j9_9i1pk_¢g_3vwp1~/�¶�¥_9g]1�9��j9ZqYk_9o1hWr6j�n�`be
]k_dtkoa`bt�j9�9r�t�j9YkZx��gZqY1pk~'Z�Ybn3r6i1Z6j3~«�7_3p1o9Zq��j9e1o9pk~/���q_9p��§o9Zx�x[��
�#j3_9´9~%l7]1Yk_9r6j3ekj9�Ãr6ekj3l9n3Ñ1e1�|h��7n3�¶]1Ybn3o3e�`W_1hbe1r6]1_a`W�a�ql7��j��|�����4�����&����j3Zq_9Y1ek� �¥_9p1o3Zq���

Ñke1e�hUo��¥_3j3_9Y1_9�uÄ¨ek�6l7Y1e1Ykl7��j$j9ZqgÙe7`We�e1pk~'g rq]1_3rq_9´9_3gÅl9r6Y1Z�[^pkZqp1p1~'ZÂ]1n3Ybn3gZxj9Y1~ ¡ Î �
³ ´9~'ikp1_1hbo¦À6j3e��¶j9Zq_3Y1ekt��¶]kY1Z�[^]k_a`^n3��n3Zxj9r�t!h�ikj3_f_aj9p1_3�wZqp1ekZÃ£6r6Y1Z�[^pkZq�º£\[1`We1p1~«]kl¥j3es]1Z6Y1Zx�
gZx��e1o9n3p1ekt

lm
�u�w�7n�`WZso3~'rq_3j�]1_�[^n3oa`WZ6p1e1�

HP = −P/ (dP/dr) = P/gρ
]1_9rxj9_�t1p1pk_

o3pkl¥j9Y1e��¥_9p1o9Z6�kj9eko9p1_9�¿�q_9p1~�� Ó Zx`We1ike1pbn α ≡ lm/HP

tkoa`bt1Zxj9r�tÃ]1n3Ybn3gZxj9Y1_9g$j3Zq_9Y1ekeÃe¿o9~/�
´3e1Ybn3Zxj9r�t¦ek�'p1n3e�`bl7ik�wZq�q_¨rq_3��`^n3rqe�t*g_q[^Zx`We��qo9Z6��[^~¤rKpbn3´a`b�»[^Zqp1e�t1ge����¨_9�7n�`b�9p1~'Z/j3Zq_9Y1eke

Ö'�



�¥_9pko9Zq�1Ñke1e¬_3j§`We1ibna��j9r�t$[^Ykl7�Ã_3js[WYkl7��n�Y1na�6`Weki1p1~'g rq]1_9r6_9´9_9g«l3rqY1Z\[^p1Zqpkekt�]1n3Ybn3gZxj9Y1_9o
¡ Î �WX�Y1e1o3_§[We1g~'��pkekc*Z�]1_q[b�y_q[-��n3e1grxj9o9_3oyn3p¶ek�¨�1p1e1�6e-¡�e1]1]1Z6p��¥napbnfe Ó Zq�k�qZqY�j�n;���4�;� Ël�[WZqg�]1Y1Z�[W]1_a`^n3��n�j9�1hÏikj3_u]1Z6Y1Z�[Cj9Z6gÇ�7n3�Ü]1ZqYkZqrqZ6i1��]k_9o9ZqY9��p1_9rxj9�urqÄ�ZqY1~ r

r = r0£xrqY1Z\[^p1e1�º£6¡ Î ]1Yk_3��Z�`¶Ybn3rqrxj9_�t1pke1Z ∆r = lm/2.
��_3��[�n|r6_9��`^n3r6p1_¶����¸7�Ì�d�UrqY1Z\[^p1e1�Ãe��§´9~Kj3_9�

j3Zqg]1Z6Ybnajal�Yk~ ¡ Î o�Y1n3rqr6gUnaj9Y1ekoyn3Zqg_3��j9_3i1�¥Z|´3l§[^Zxj¢Y1n3o9Zqp!Æ

∆T =

(

dTe

dr
− dTc

dr

)

lm
2

=

(

dTe

dP
− dTc

dP

)

dP

dr

lm
2

= (Tc∇c − Te∇e)
lm

2HP
. (D2.3)

{W[WZqrq�¤g~ _9´9_3�qpbn�i1e�`Weªi1ZqYkZ6� ∇e

e ∇c

]1Y1_9e��§o9_q[^p1~'Z
d lnT/d ln P,

�¥_3j3_9Y1~'Zm_9]1e1r6~'oyn��
��jmek�§gZ6p1Zqp1ekZ¶]1n3Ybn3gZxj9Y1_9omo9pkl¥j3Y1e�¡ Î ]1_ÂgZqYkZ¶Z6�q_�]1_q[^�9Z6gUn-e¬om_3�1Ykl¥c¦n3��v�Zq�¬r6Y1Z�[^Z
r6_9_3j3o9Z6j3r6j9o3Zqp1p1_k� Ó Z�`We1i1e1pk~ r�e1p7[^Z6�7r6_9g�~��}Àxj9_¯[^_a`bcfp1~'g _3´9Ybna�q_9g�l3rqY1Z\[^p1Z6p1p1~'Z$]1_
gpk_dc�Zqr6j3o3l¢¡ Î ]1n3Ybn3gZxj9Y1~�h1e¢e1gZqp1pk_�_9p1e¢tkoa`btk��j9r�t¿n3pbn�`b_9��n3ge¿_q[^p1_3e1gZqp1pk~/�ÃÄ�ek�§eki1Zx�r6�1e��¶o9Z�`We1i1ekp

(ρ, T
e�jd�]��¹�Ko¦�§_9p1n��¿`bl7i1e1rxj9_9�6_¢Ybnao9p1_9o9Z6rqekt!�WX�_�Àxj9_9�¶]1Y1eki1e1p1Z¨g~C´3l§[^Z6g

_3]kl9r6��n�j9�*o¨[�nd`W�9p1Z6�k��Z6g$e1p7[^Z6�7rI~¨lf]kZqY1Z6gZqp1p1~/��h��yn3Ybn3��j9ZqYkek�ql7��vwe��¶_9�1Y�l7c*n3��v|l��C¡ Îr6Y1Z�[bl9�bz�na��n�Ñ1Zx`W�|�fp1n3�kj9e�o9Z�`We1i1ekpkl ∇conv ≡ ∇c,
e1r6]1_a`W�a�ql3t��¥_3j3_9Ykl7�Ðg_�c¢p1_wpbn3]1e1rqnaj9�

o3~'Ybnac*Z6p1e1Z�[b`bt
dT/dr

o��¥_9p1o9Z6�kj9eko9p1_9�¶�§_9p1ZaÆ
dT

dr
≡ −∇c

T

P

dP

dr
= ∇c

Tρ

P

Gm

r2
. (D2.4)

X�_9r6�¥_a`W�9�kl
∆T/T � 1,

��n3gZ6p1e1g�o�]1_9r�`WZ�[Wp1Zqg©Y1n3o9Zqpkr6j9o3Z¿����¸��±Êy�
Te

pbn*Ô��b��_3��[�n

∆T ' (∇c −∇e)
αT

2
. (D2.5)

Ò�Z6�6ld`b�dj3e1Ykl7��v�nat�r6e�`^n
f(r)

hx[^Zq�kr6j9oal���v*nat|pbn'Z�[We1p1e1i1pk~'��_9´9�9Z6g¶¡ Î e���n3rxj�n3oa`btk��v*n�tZ6�q_#o3rq]�`W~'o9naj9���=e�`Wewj3_9pkl¥j9�¥��h9Ybn3o3pbn
ρg−ρeg = −g∆ρ.

X�_�gZqY1Z»]1_q[^�9ZqgUn�¡ Î _9p1n�o9pbn�ibnd`WZp1n3Ybn3rxj�n3Z6j�_3j#½'[^_
fmax

han��§naj9Z6gÂl�gZ6p1�3��n3Z6j3r�t�h9_9´3Ybnav*n�t1rq��o�p1_�`W�#]1Y1e
∆r = lm.

X�Y1ekgZqg'h
i�j9_¦pbn�l7ibn3r6j3�¥Z|]kl¥j3e�_3jf½¨[^_

lm/2
r6Y1Z�[Wp1ZqZ��§p1ndikZqp1e1Z¨rqe7`W~

f̄
Ybn3o3p1_

0.5 ∗ f(lm/2).
��_9��[�n

r�l7i1Zxj9_9gÐ����¸��É¸9�/e�����¸��É¾9�Ke1gZ6Zqg'Æ

f̄ = −g

2
∆ρ =

g

2δ
∆T = (∇c −∇e)

αgT

4δX�Y1Z\[^]1_a`b_dcfe1g¤[^n�`WZqZahWikj9_fofr6Y1Z�[^pkZqg}]1_a`b_9o9e1pbn¦Ybn3´3_3j9~�hWrq_3o9ZqYk��n3Zqg_3�-À6j3_9�sr6e�`W_9��e7[^Z6j
p1n#]1Y1Zq_q[^_�`WZqp1ekZ�r6e�`fo3tk�q�¥_9r6j3e�h¥n#]1_a`W_3o9e1pbnÏ�|p1n#]1Y1e1Y1_3r6j¨�1e1p1Zxj9e1ikZqrq�¥_9�fÀqp1Z6Y1�qeke¢¡ Î h3j�n3�i�j9_

ρv2
e

2
=

1

2
f̄

lm
2

= (∇c −∇e)
αgT lm

16δ
,

��[WZ
ve

�*r6�¥_9Y1_9rxj9�wr6Y1Z�[Wp1Zq�6_�¡ Î ]1Yke¢]1Z6Y1Zqr6Zqi1Z6p1e1eÃrqÄ�Z6Y1~©rÏYbnd[^e�l9rq_3g r0.
{Ë`WZ\[^_9oyn�j9Zx`b�9p1_1Æ

v2
e = (∇c −∇e)

αgT lm
8ρδ

, (D2.6)

ÒOn3rqr6g_3j9Yke1gsj9Z6]1ZqYk��ek�qgZqp1Z6p1e1ZUj9Z6g]1ZqYbn�j3l7Y1~¬]1_ÏgZqY1ZU]1_q[^�3ZqgUn¨� e�`be|_9]�l9rq�7n3pkektW��rqYkZ�[b�
pkZq�q_¦¡ Î h7rqi1e�j�nat�h�ikj9_*Z6�q_|�yn3Ybn3�kj3ZqY1pk~'��Ybn��§gZqYf� de,

]�`W_3v�nd[^��]k_9o9ZqY9��p1_9rxj9e¢�
Se,

_3´9�9Zqg
�

Ve,
nÃgUn3r6r§n

Me = Veρe. ³ ´9_3�qpbn�i1e1gCikZqY1Zx�
S
l§[^Z�`W�9pkl7��Àqpkj3Y1_9]1ek�Ç¡ Î hºn¶ikZqY1Zx�Sy Q �

�¥_a`be1i1Zqrxj9oyn�j9Zq]7`^nkhbj9Z6Y¥tkZqg_9Zw¡ Î ��n¦o9Y1Z6gÁtAy t ofYkZ6�ql�`W��j�naj3Z�ek�x`bl7i1Zqp1e�t-ÀqpkZqY1�6e1e-o�_9�1Ykly�c*n3��vwZqZ�]1Y1_9rxj9Ybnap1r6j3o9_1�^��_9��[�n�Æ
dQ

Me
= TedS = Te

[(

∂S

∂T

)

P

dTe +

(

∂S

∂P

)

T

dP

]

= cP

[

dTe −
(

∂T

∂P

)

S

dP

]

.

Ö��



X�_9r6�¥_a`W�9�kl
dr = vedt,

e ∇ad ≡ (∂ ln T/∂ ln P )S,
À6j9_so9~'Ybnac*Z6p1e1Zfg_dcfp1_�]1ZqY1Z6]1e1rqnaj9�Âo

o3e7[^Z3Æ
dTe

dr
=

1

cP Meve

dQ

dt
− Te

HP
∇ad. (D2.7)

� pbn�`W_3�qe1i1pk_-�����±°y�/g_dcfp1_¦pbn3]ke1r§naj3�*[1`bt�£6rqo9Zxj9e1g_3r6j9e�£¯¡ Î Æ

Le =
4acT 3

e

3κρ

∣

∣

∣

∣

dT

dn

∣

∣

∣

∣

Se,

]k_§[WYbna�ql7gZ6oynat�h�ikj3_-]1Y1_9e��§o9_q[^pbn�t
T ′ ≡ dT/dn

o9~'i1e1r�`bt1Zxj9r�t¬o�[^_�`W�sp1_3Y1gUn�`We¯��]1_9o9Z6Y9�7�
pk_9r6j3e�¡ Î �!�rx`be-]1_a`W_�cfekj9� T ′ ' ∆T/(de/2),

l7i1Z6r6j9�kh!ikj3_
dQ/dt = −Le,

j9_¿r¨]1_9g_av��9�
����¸��É¾9�K]1_a`bl7i1ekg�ek�¢���#¸����3�xÆ

∇e −∇ad

∇c −∇e

=
4acT 3

e

3αHP cP κρ2
eve

A.

{W[WZqrq�¤i1Z6Y1Z6�
A
_3´9_3�§p1ndikZqp1_¤´9Z6�qYbna�qgZqY1p1_3Z�_3j3p1_3�wZqp1e1Z

l2mSe/deVe,
�¥_3j3_9Y1_9Z���n3o3e1rqekju_3j

Ä�_9Ykg~�e$Y1na�§gZ6Ybn¤£6rqY1Z\[^p1Z6�q_W£q¡ Î �X�Y1ekpktkj3_mr6i1ekj�naj3�1hikj3_ A = 9/2,
e¯j9_9��[�n�h]1_a`^n3��n�t

Te ' T, ρe ' ρ,
p1n��y_q[^e1g'Æ

∇e −∇ad

∇c −∇e

=
6acT 3

αHP cP κρ2ve

(D2.8)

X�Y1e�pbnd`We1i1e1e��¥_9p1o9Z6�1Ñ1e1e
Lr = Lrad

r + Lconv
r ,

]1_9Àxj9_9gÁl¿rq_9��`^narqp1_-���k�±Êy�/e����k�°¥�xÆ
16πacGmT 4

3κP
∇rad =

16πacGmT 4

3κP
∇c + Lconv

r . (D2.9)

�»�±�!�
∆P = 0,

j3_�o�Ybn3rqikZ6j9Z�pbn�Z\[^e1p1ekÑkl¤gUn3rqr6~ o9Z6vwZqr6j3o9_$¡ Î _9´�`^nd[�n3Zxj¯ek�q´9~Kj9_3i1p1~'g
j3Zq]�`b_9g

cP∆T
]k_wrqY1n3p1Zqpke1��r�_9�1Ykl¥c¦n3��v�Z6�ÃrqY1Z\[^_9����X�_3j9_9�fo9Z6vwZqrxj9oynkh�rqo3t���n3pkp1~'�Ãr'[Wo9e��

c�Zqp1e1Z6g¬¡ Î Ybn3o9Z6p 4πr2ρve,
]1_9Àxj9_9gÁlf]1Z6Y1Zqp1_3rqe1g~'�Ã�¥_9p1o3Zq�1Ñ1ekZq�¿j9Z6]�`W_9o3_9�¿]1_3j3_9�

Lconv
r =

4πr2ρvecP ∆T.
��_9��[�nÂek������¸��É¾9�|e%���#¸�� �9�w]1_a`bl7i1e1g'hOl�ikekj9~'oyn�t�hikj3_

HP = P/gρ
e

g =
Gm/r2 :

∇rad −∇c

∇c −∇e
=

3κρ2cPαHP

8acT 3
ve (D2.10)

{/_3_3j9p1_a��Zqpkekt¬����¸���¡y�xhO���#¸�� �9�Ïe¯����¸�����½y�»[�n3��j¢j3Y1esl7Ybn3o9pkZqp1ektÃ[b`bt�j9Y1Z���p1Zqek�qo9Zqrxj9p1~/�
o3Zx`We1ike1p�Æ ∇,∇e

e
ve.

X�ZqY1Z6gp1_�c¢ekof]1_3i�`WZqpkp1_-����¸����y�Ke�����¸�����½y�K]1_�`bl7i1e1g'Æ
(∇e −∇ad) (∇rad −∇c)

(∇c −∇e)
2 =

9

4
. (D2.11)

Ó ~'Ybna�§ekg¬j3Zq]1Z6Y1� ve

ek�*����¸���¡y�Ue¿]1_q[^r6j�nao9e1g¤oÃ���#¸�� �9�x� Ó o9_q[Wt¿´3Z6�§Y1na�§gZ6Y1pkl7�«]1ZqYkZqgZqpkpkl7�

U0 ≡
6acT 3g

κcP α2P 2

√

2Pδ

T
,

]1_a`bl7i1e1g'Æ ∇e −∇ad = 2U0

√

∇c −∇e. (D2.12)

X�Z6Y1Zq]1ekr§n3o�`WZqo3l7�%ibn3r6j3�Ã����¸����d¸9�o|o9e¥[^Z
(∇c−∇ad)− (∇c−∇e)

]k_a`bl7i1e1g$�1o9nd[^Ybnaj3p1_9Z
l7Ybnao9p1Zqpke1Z|_aj9p1_9r6ekj9Z�`W�9p1_ √∇c −∇e,

Y1Zx��e1o��¥_3j9_3Y1_9Z¨pbn3�7[^Z6g'hbikj9_
√

∇c −∇e = −U0 + ξ,
��[^Z

ξ =
√

∇c −∇ad + U2
0 . (D2.13)

Ö�¢



X�_q[^rxj�n3oa`bt�t¢Àxj9_wo3~'Ybnac*Z6p1e1Z�o¢���#¸��Ì�3�d�Á]1_a`bl7i1e1g��kl7´9e1i1Z6rq�¥_9Z�l7Ybnao9p1ZqpkZqp1e1Z�_3j9p1_3rqekj3Zx`W�9pk_
ξ :

(ξ − U0)
3 +

8U0

9

(

ξ2 − U2
0 +∇ad −∇rad

)

= 0. (D2.14)

O¶_dcfp1_f]1_9�7na��n�j9�1h^ikj9_f_9p1_fe1gZqZxjÃo9rqZ6�q_f_§[We1p-o9Zxv�Zqrxj9o9Z6p1p1~'���¥_9Y1Z6p1�1h^ikj9_�[^n3Z6j¢o9_3�§g_�c¦�
pk_9r6j3�f_q[^p1_a�§pbn�i1p1_fpbn3�kj3e�o3Zx`We1ike1pkl ∇c.£=^�t3ao¤\^�_\[`a¦¥&wX§ n3Ybn3�kj3ZqY1pk_9Z¢o9YkZqgÁt-[b`bt�]1Y1_9ÑkZqrqrqn��¥_9p1o3Zq�1Ñ1eke

tconv ∼ HP/ve,
]1Y1eki1Zqg'h

�7n3��]1Ybn3o3e�`W_1h
thyd � tconv � tnuc. Î j9_¢�qpbn�i1ekjdh^ikj9_fof�¥_9p1o3Zq�kj3e1o9p1~/���§_9p1n��¶rq_§��Ybn3pktkZ6j3r�t�6e7[^Y1_3r6j�naj3e1i1Zqr6�¥_9ZsYbnao9p1_9o9Z6rqe1Zahn¶��e1gr6_9r6j�n3om_9rxj�n3Z6j3r�tu_q[^ekpbn3�¥_9o9~'g o9pkl¥j9Yke¤o3rqZq�$�q_9p1~�h

[^nac*ZÃZqr�`We$t7[^Z6Y1p1~'Z�Y1Zqn3�1Ñ1e1e¤]1Y1_3e1r��y_q[Wt�jm`We����mo9pkl¥j9Y1e¤ZqZÃi1n3r6j3e��UX�Y1e$jd�±p��Áj3Zq]�`b_9o9~/�
o3rq]1~K�w��nd�Âo¢r�`W_9Z6o9~/�-ekr6j9_3i1p1e1�7n��-e�`We-ofo9~'Y1_�c¦[WZqp1p1_3g©t7[^Y1Z|�qe7[WY1_9r6j�n�j9e1i1Z6rq�¥_9Z¦Ybn3o3p1_a�
o3ZqrqekZw�1Ybn�j9�¥_9o9Y1Z6gZqp1pk_¿pbn3Ykl¥��n3Z6j3r�t�h�eÃ[b`bt�_9]1e1rqn3p1ekt��¥_9p1o9Z6�kj9e1o3p1_9�q_¢]1ZqY1Z6p1_9rqn¢Àqp1Z6Y1�qeke
e¶]1Z6Y1ZqgZx��e1oynap1ekt�o9Z6vwZqr6j3oynf]kY1e1gZqp�t1��j3r�t-´9_�`WZqZ�rx`b_dcfp1~'Z�g_q[^Zx`bes�¥_9p1o9Z6�1Ñ1e1e!�
£=^�t3ao¤\^�_\[`a©¨ªw µ#������¸����d¸9��rx`WZ\[Wl9ZxjdhOikj3_�]kY1e

U0 → 0, ∇e → ∇ad.
X�Y1e�À6j3_9g'h�rq_9��`Wn3rqp1_

����¸�����Êy��h1e ∇c →∇ad.

«��b¡�_9p1o3Zq�kj3e1o9p1~'��]1ZqY1Z��¥`WZqrxjÃe�]k_a`bl7�¥_9p1o9Z6�1Ñ1ekt
X�Y1e¬_9]ke1r§n3pke1eu�¥_9pko9Zq�1Ñke1euo�Ybnag��nd�¯`W_9�7n�`W�3p1~/�$j9Z6_9Y1e1�¤o9_3�qg_�c¢p1_-tkoa`WZ6p1e1Z3hp1na�§~/�

o9n3Zqg_9Zs�7_3p1o9Zq��j9e1o9pk~'g ]1Z6Y1Zx�¥`WZ6r6j9_3gI��¬'9Ú�®�¯�¬�°(±²®�¯)�®�¯�Q´³¶µ���°¶± Ú�·¥��Æ/Ybn��§_9�6pbn3o3�we1rq�1hK¡ Î ]1_
ekp1ZqY1Ñke1e-g_�c*Z6jfo9~/`WZxj9Zxj9�¿��n�o9p1Zx��p1��� e�`beso9pkl¥j3Y1Zqp1pk��� �6Ybn3p1e1Ñ�l��¥_9pko9Zq�kj3e1o9p1_3�s�§_9pk~
r = Rc. ³ ÑkZqp1�1e�]1_3��n��§~'oyn3��jdh1ikj3_¦¡ Î g_�c*Zxj¦]1Y1_9pke1�7naj9�*o�_3´a`^n3rxj9�w`bl7i1e1rxj9_9�6_f]kZqY1Z6p1_9r§np1n�Ybn3r6r6j3_dtkp1e1Z

∆r ∼ p1Zqr6�¥_a`W�9�1e7�¹¸ _3j
HP .

Ò�n3r6rqg_3j3Y1e1g rx`bl7ibn3�!hO�¥_9��[�n
Rc

��o3ZqY9��pktkt
�6Ybn3p1ekÑbnÃ�7_3p1o9Zq��j9e1o9pk_9�Â�§_9p1~��!X�Y1e

r > Rc

¡ Î e1gZqZxj¶j3Zqg]1Z6Ybnajal�Y�l�gZqp1�3�wZ3h�ikZqgª_9�1Ykly�
c*n3��v�natsr6Y1Z�[^nkhW�7_aj9_9Ybn�t-o9~'pkl¥c*[^Zqp1nf´3l§[^Zxj¢j9Z6Yytkj9�fj9Zq]7`W_Ãpbn¦pbn3�qYkZqoÃ¡ Î � Ó Y1Zx�ql�`W��j�naj3Z
pkZq]1_9r6Y1Z�[Wr6j9o3Zqp1p1_Â�§n¶�6Ybn3p1e1ÑkZq�¯�¥_9p1o3Zq�kj3e1o9p1_9�¯�q_9p1~Åj3Zqg]1Z6Ybnajal�Y1n-´3l§[^Z6j�l�´3~'oynaj9�spbn3Ykly�
c�l�´9~'rxj9Y1Z6Z3hÁi1Z6g«Ybn3p1�a��Z3hºjd�Z3��o3Zx`We1ike1pbn ∇rad

o9_a�§Ybn3rxj9Zxjd�Áµ#�6�Õ��n�Àxj9_9�6_-l9r�`W_9o9e1Z¢pbn�ibn�`^n
�¥_9pko9Zq�1Ñke1e ∇rad > ∇ad

´3l§[^Zxj¢o3~']1_a`Wpkt�j9�9r�t�l¥c*Z|o3]�`W_3j3�¦[^_
R1

c > Rc. Î j9_f]1Y1e1o3Z�[^ZxjÃe��r6gZ6vwZqp1e1� o9Z6Yy��p1Z6�s�6Ybn3p1e1Ñk~�_9´a`^nar6j9e¶]1Z6Y1Zx�¥`WZ6r6j�nkh^e�hkj3Zqg©rqn3g~'g'hbZ6vwZ�l7o9Z�`We1i1e�j¢]1Yk_3j�t��
c�Zqp1p1_3r6j9�Ã�¥_9pko9Zq�kj3e1o9p1_3���q_9p1~Ðe-jd� [�� Ó �¥_9pkZqi1p1_3gªe�j9_9�6Z*]1Y1_3j�t�c*Zqp1pk_9r6j3�¶�¥_9pko9Zq�kj3e1o9p1_3�
�q_9p1~%g_dc�Z6j�o9_3�qYbn3r6j3e�p1n¦o3Zx`We1ike1pkl ∼ HP .

ÒOn3rqrxl¥c¦[^Z6p1ekt�o*rx`bl7ibnaZ3hW�¥_9��[�n
R0

�¿pkekc¢p�tkt
�6Ybn3p1ekÑbn¤�¥_9pko9Zq�kj3e1o9p1_3�%�§_3p1~�hÏrq_9o9Z6Yk��Z6p1p1_un3pbn�`b_9�qe1ikp1~���X�Ykeº���»�!�¼�����!�����(½ _9]1e1rqn3p1e1e
�¥_9pko9Zq�1Ñke1es]1Yk_9´a`WZ6gUn�]1Z6Y1Zx�¥`WZ6r6j�n¢YkZ6�*naZ6j9r�t-n3o3j3_9gUnaj9eki1Zqr6�1e��
¡�_9YkY1Zq�kj3p1~'��l�ikZ6j¶�¥_9p1o9Z6�kj9e1o3p1_9�q_¶]1Z6Y1Zx�¥`WZ6r6j�ns_9r6_9´9Z6p1p1_�oynac*Z6pÂpbn¿]1_3��[^p1e��Âr6j�nd[^e�t��

À6o9_a`W��Ñ1e1e�hU�¥_9��[�nmoÂ�§o9Zx�x[^Z¶e1gZqZxj9r�t�p1Zqr6�7_�`W�9�¥_¯�¥_9p1o9Z6�kj9eko9p1~/�u_9´a`^nar6j9Z6��hUYbna��[^Zx`WZ6p1p1~/�
j3_9p1�¥_9�s�q_9p1_9�¶`bl7i1e1r6j3_9�q_Ã]kZqY1Z6p1_9r§n���z�n3]1Y1ekgZqY�hW�¥_9��[�nf�qo9Z6��[�n¢pbnd�y_q[^ekj3r�t�pbn¢n3r6e1g]kj3_3j9e��
ikZqrq�¥_9�¦o9Zxj9o9e¦�6e1��n3pkj3_9o1h9j9_3p1�7nat¶£�`bl7i1ekr6j�nat�]1Y1_3rx`W_9�k��n1£6e1gZqZxj9r�tfgZ6c*[Wl|o9p1Z6�wp1Zq�¦�¥_9p1o3Zq���
j3e1o9p1_3���q_9p1_9�ÂeÂr�`W_9Z6o9~'g%ekr6j9_3i1p1e1�¥_9g'h�o¿�¥_3j3_9Y1_9g 4
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l3rx`W_3o9e1��Æ

∇ad < ∇rad < ∇ad +∇µ,
��[^Z ∇µ ≡

(

∂ ln T

∂ ln µ

)

P,ρ

d ln µ

d lnP
> 0. (D2.15)

z�n3ek´9_a`WZ6ZÂrqZqYk�9Z6�qp1_�Àxj�nu]1Y1_3´a`WZqgUn$o9_a�§p1e1�7n3Zxj�]kY1e%e��ql7i1Zqpke1e�Àqo3_a`W��Ñke1e%gUnarqrqeko9p1~/�
�qo9Z6��[�pbn���`^nao9p1_9��]1_9r�`WZ�[^_3oynaj9Z�`W�9p1_3r6j9em��ÂºX|��e�pbn�r6j�n�[^e1e¿�6_9Y1Zqpkekt��qZx`bekt¢o�t¥[^Y1Z3� Ó ibn3rxja�pk_9r6j3e�hOo3´a`Wek�qe�pbn�ibn�`b�9p1_9�-ÂºX l�À6j3e��m�§o9Zx�x[¤�¥_9p1o3Zq�1Ñ1e�t�]1Yk_9e1r��y_q[^e�jÂos_9´�`^n3r6j3e

r < Rc

h
p1n3gp1_9�6_�´9_a`bZqZ/]kY1_3j�tkc�Zqp1p1_3��h3i1Z6g-�§_9p1nkhdo��¥_3j9_3Y1_9��]1Yk_9e1r��y_q[^e�j¨t¥[^ZqYkp1_9Z/�6_9Y1Z6p1e1Z

(Rnuc <
Rc). Ó pkl¥j9Yke-_9´a`^nar6j9esr r < Rc

�¥_9p1o3Zq�1Ñ1e�ts]1_q[1[WZqYyc¢ekoyn3Z6jf�kekgrq_9rxj�n3o¿_q[^e1pbna�7_3o9~'g'h�pk_fr
j3Zqi1Z6p1e1Z6g o3Y1ZqgZ6p1e�Ybn��§gZqY��¥_9p1o9Z6�kj9e1o3p1_9���q_9p1~Ål7´9~'o9n3Z6jdh�]1_9Àxj9_9gÁl�o9pkZ¦t¥[^Ybn�Ä�_9Y1ge1Ykly�
Zxj9r�t�_9´a`^nar6j9�khbo9pkl¥j9Y1e��¥_3j9_9Yk_9�s_9´3e�`We1Z�o9_q[^_9Yk_§[^n¦Y1n3r6j3Z6j¿p1n3Ykl¥cfl

(dX/dr > 0.)X�_9r6�¥_a`W�9�kl
µ = (2X + 0.75Y + 0.5Z)−1 = (1 + 1.25X − 0.25Z)−1,

]1_a`1l�i1n3Zqg'hOikj9_Âo
Àxj9_9�¶�§_9pkZ

dµ

dr
= −1.25

µ2
· dX

dr
< 0, =⇒ d ln µ

d lnP
> 0.

Ã¨`bt�r6gZqr6ewek�x`bl7i1Zqp1e�twe�p1Z6o9~'Y1_�c¦[WZqp1p1_3�q_1hd]1_a`bp1_9r6j3�9�¬e1_9p1e��§_9oynap1p1_9�6_���na�§n
(∂T/∂µ)P,ρ >

0,
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pk~'�º£6Y1Zxc¢e1g'h!]1_9rq�¥_a`b�9�kl-j3_9��[�n�´3l§[^Z6j¶o9~']1_�`Wp1Zqp��7n3���1Y1e�j9ZqYke1�hÀÅo9n3Y1Ñk�we�`W��[�n��ÊÉk�xh!j�n3�
e¶�1Y1e�j9ZqYke1�;�¨Z�[Wl���Ì��U�¢rqg'�����#¸��Ì��¾9�x�
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